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(THEORY 0É ZERO BIAS ANOMALIES DUE TO PARAMAGNETIC
IMPURITIES
Summary.
U sin g  Zawadowskifв approach to  th e  tu n n e lin g  phenomena th e  
anom alous tu n n e lin g  due be p aram agnetic im p u r it ie s  i s  in v e s t ig a t e d .
The tu n n e lin g  cu rr en t i s  ex p re ssed  in  term s o f  th e  l o c a l  d e n s it y  o f  
s t a t e s  a t  th e  h a r r ie r  w hich in  tu rn  i s  g iv e n  in  term s o f  th e  l i f e ­
tim e o f  th e  co n d u c tio n  e le c t r o n s .  To ta k e  in t o  accou n t th e  e f f e c t  
o f  th e  Kondo s c a t t e r in g  o f  e le c tr o n s  on param agnetic im p u r it ie s  d i f ­
f e r e n t  s o lu t io n  fo r  th e  l i f e - t i m e  / e . g .  re so n a n t s t a t e  or q u asi-h ou n d  
s t a t e  s o l u t io n s /  are assumed and th e  r e s u l t in g  p o s s ib le  v o l ta g e - c u r r e n t  
c h a r a c t e r i s t i c s  are d is c u s s e d  and compared w ith  th e  ex p er im en ta l r e s u l t s .  
The r o le  p la y ed  by the im p u r it ie s  ly in g  a t  d i f f e r e n t  p o s i t io n s  r e la t i v e  
to  th e  m e ta l-o x id e  in t e r f a c e  i s  th o ro u g h ly  in v e s t ig a t e d .
1 . In tr o d u c tio n
Zero b ia s  an om alies on t r a n s i t i o n  m eta l -  t r a n s i t i o n  m eta l ox. 
normal /n o n - t r a n s i t io n /  m eta l d io d es  have been  o b serv ed  by Wyatt [1] a. 
R ow ell and Shen [2] . Anderson [3] , Appelbauro [4] and Suhl [5 ] have suggv 
th a t  th e  param agnetic atom s in s id e  th e  b a r r ie r  p la y  an im portant r o le  in  
b r in g in g  about th e s e  a n o m a lie s .
One o f th e  a u th o rs Г6] has p rop osed  th a t  d io d es  composed o f  m eta l 
-  m eta l o x id e  -  sm a ll amount o f  ev a p o ra ted  param agnetic im p u r it ie s  -  m eta l 
be in v e s t ig a t e d  w ith  re g a rd  to  p o s s ib le  zero  b ia s  a n o m a lie s . T h is ty p e  o f  
d io d es  has been s tu d ie d  by Wyatt and L y th a ll  [7 ] and M ezei [8] and th ey  
found an om alies s im i la r  to  th e  ones ob served  on t r a n s i t i o n  m eta l -  t r a n s i t ­
io n  m eta l o x id e  -  normal m eta l d io d e s .  T h e ir  ex p er im en ts  in d ic a t e  th a t  th e  
m agn etic  im p u r it ie s  a t  th e  b a r r ie r  s u r fa c e  a re  r e s p o n s ib le  f o r  a la r g e  
v a r ie t y  o f th e  zero  b ia s  a n o m a lie s . The aim o f  th e  p r e s e n t  paper i s  t o  
g iv e  a t h e o r e t i c a l  in t e r p r e t a t io n  o f th e  phenomena o b serv ed  in  d io d es  o f  
th e  second  ty p e , where th e  p o s i t io n s  o f th o s e  m agn etic  atoms which p la y  
an im portant r o le  in  th e  e f f e c t s  are  r a th e r  w e l l  d eterm in ed .
The f i r s t  accound o f  zero  b ia s  a n o m a lie s , o b served  on sem icon d u ctor  
tu n n e l ju n c t io n s  [9 j » t l o ] , i s  due t o  H a l l ,  R a c e tte  and E h ren re ich  [91*
They t r e a t e d  th e  problem in  termB o f th e  b u lk  d e n s ity  o f  s t a t e s ,  w hich  i s  
supposed  to  be m o d ified  by th e  e x is t e n c e  o f p o la r o n  s t a t e s .  L a ter  i t  was 
shown by Duke and Mahan [I I ]  th a t  t h i s  p ic tu r e  i s  in c o r r e c t .
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V arious t h e o r ie s  have been  d ev e lo p ed  to  e x p la in  d i f f e r e n t  tu n n e lin g  
a n o m a lie s , but i t  i s  common amohg them th a t  th e  b a r r ie r  and i t s  su rrou n din g  
are th e  scen ce  o f  th e  phenomena. Anderson [3 ] » Appelbaum [4] and independen­
t l y  Suhl [5] p rop osed  an in t e r p r e t a t io n  th a t  em phasizes th e  im portance o f  
th e  bound or re so n a n t s t a t e  on th e  m agn etic  im p u r ity . They s u g g e s te d  th a t  
th e  lo c a l i z e d  m agn etic  s t a t e s  in  th e  b a r r ie r  r e p r e se n t  an ea sy  ro u te  f o r  
tu n n e lin g .  T h is th eo r y  can e x p la in  zero  b ia s  a n om alies w ith  sm a ll r e la t i v e  
a m p litu d e , but cannot e x p la in  th e  g ia n t  r e s i s t i v i t y  maximum ob served  by 
R ow ell and Shen [2] on Cr-CrO-Ag d io d es  and by Wyatt and L y th a ll  [7 ] and 
M ezei [8] on ju n c t io n s  c o n ta in in g  m agn etic  im p u r it ie s  a t th e  b a r r ie r .  An 
e n t i r e ly  d i f f e r e n t  mechanism has been  s u g g e s te d  by Duke, S i l v e r s t e i n  and 
B en n ett [12 ]} th ey  assume th a t  th e  e le c t r o n  tu n n e lin g  p r o c e s s  i s  a s s o c ia t e d  
w ith  c r e a t io n  or a n n ih i la t io n  o f  some q u a s ip a r t i c l e s ,  such  a s  phonons and 
magnons. The phonon p r o c e s s e s  have b een  s tu d ie d  by Mahan [13] t o o .  H owever, 
th e  e s t im a te d  am p litu d es o f  th e  magnón p r o c e s s  are  to o  sm a ll to  a ccou n t
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f o r  th e  ob served  e f f e c t s .  New an om alies have been  ob served  by J a k le v ic  
and Lambe [14] on J u n c tio n s  c o n ta in in g  o rg a n ic  or in o r g a n ic  m o le c u le s .  
A ccord in g  to  th e  th eo ry  d ev e lo p ed  by Marcus and S ca la p in o  [ l5 ] t o  e x p la in  
th e s e  a n o m a lie s , th e  e x c i t a t io n s  o f  th e  m o lec u le s  g iv e  th e  im portant 
c o n tr ib u t io n  to  th e  anom alous tu n n e lin g  c u r r e n t . A l l  th e  above m entioned  
t h e o r ie s  d ea l w ith  tu n n e lin g  p r o c e s s e s  a s s o c ia t e d  w ith  some elem en tary  
e x c i t a t io n  w hich  i s  r a th e r  w e l l  l o c a l i z e d  a t  th e  b a r r ie r .
A d i f f e r e n t  approach , which em phasizes th e  change o f  th e  e l e c t r o n ic  
energy spectrum  in  th e  b a r r ie r ,  has b een  su g g e s te d  by th e  a u th o rs [6 ] ,  [1 6 ]•
The change i s  th e  e f f e c t  o f  th e  Kondo re so n a n t s c a t t e r in g  or th e  ex is ta .n c e  
o f bound s t a t e s  on th e  m agn etic  im p u r it ie s  n ea r  th e  b a r r ie r .  The c o n tr ib u t ­
io n  o f  th e  Kondo e f f e c t  to  th e  energy spectrum  i s  e s s e n t i a l  on ly  in  th e  
neighbourhood  o f  th e  Fermi l e v e l ;  t h e r e f o r e ,  i t  may g iv e  r i s e  t o  an o b ser ­
v a b le  e f f e c t  a t zero  b ia s .  The th eo ry  a l s o  can accou n t f o r  th e  g ia n t
r e s i s t i v i t y  maxima. T his approach was f i r s t  u sed  by th e  a u th o rs  [16] to  
c a lc u la t e  th e  tu n n e lin g  c u r r e n t . More r e c e n t ly  s im i la r  r e s u l t s  have b een  
o b ta in ed  by Appelbaum, P h i l l i p s  and Tzouras [1 7 ] .  Anderson [18] has a l s o  
p o in te d  o u t , a lth o u g h  from a q u ite  d i f f e r e n t  p o in t  o f  v ie w , th a t  th e  change 
in  th e  e le c t r o n  spectrum  a t the' p aram agn etic  im p u r it ie s  co u ld  be r e s p o n s ib le  
f o r  th e  a n o m a lie s .
The two approaches o u t l in e d  above are n o t m u tu a lly  e x c lu s iv e ;  th ey  
r a th e r  corresp on d  to  p h y s ic a l ly  d i f f e r e n t  s i t u a t i o n s ,  w h ich  m ight be 
c l a s s i f i e d  in to  two groups:
1 . N o n -lo c a l e f f e c t  or a s s i s t e d  tu n r ie lin g .
During th e  tu n n e lin g  some q u a s ip a r t i c l e s  /p h o n o n s, m agnons/, 
m o lecu la r  v ib r a t io n s ,  or l o c a l i z e d  m agn etic  s t a t e s  a re  e x c i t e d .  I t  w i l l  be 
shown th a t  th e s e  p r o c e s s e s  are im portant o n ly  i f  th e  s e lf e n e r g y  o p era to r  
co rresp o n d in g  to  th e  e x c i t a t io n s  i s  non lo c a l  in  sp a c e . T h is  i s  th e  ca se  
i f  th e  su bsequent in t e r a c t io n s  d e sc r ib e d  by th e  h ig h e r  ord er  term s ta k e  
p la c e  a t  d i f f e r e n t  p o in ts  o f th e  b a r r ie r  or on d i f f e r e n t  s id e s  o f  th e  
b a r r ie r .  A t y p i c a l  diagram co rresp o n d in g  to  a second  o rd er  c o n tr ib u t io n  i s
g iv e n  in  F i g . l .  1 . The a s s i s t e d  tu n n e lin g  p r o c e s s e s  appear as a new ch an n el
2th rou gh  th e  b a r r ie r  .
T h is  ty p e  o f diagram has been c a lc u la t e d  in  r e f .  [12] and [13] c o n s id e r ­
in g  th e  phonon a s s i s t e d  tu n n e lin g .
2 The im portance o f  n o n - lo c a l  e f f e c t s  in  zero  b ia s  a n o m a lies have been  
em phasized  by Appelbaum e t  a l  [1 7 ]•
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2 ,  L ocal e f f e c t  or th e  d efo rm a tio n  o f  th e  e l e c t r o n ic  energy  
spectrum  a t  th e  b a r r ie r .
In t h i s  ca se  th e  in t e r a c t io n  o f  th e  co n d u c tio n  e le c t r o n s  w ith  th e  
l o c a l i z e d  im p u rity  e x c i t a t io n s  le a d s  t o  change o f  th e  e l e c t r o n ic  energy  
spectrum  in  th e  neighbourhood  o f  th e  im p u r it ie s  / F i g .  2 / .  I f  th e  energy  
spectrum  changes a t  th e  b a r r ie r ,  th en  th e  a m p litu d es  o f  th e  e le c t r o n s  
p e n e tr a t in g  in t o  th e  b a r r ie r  a l s o  ch an ge. T h e r e fo r e , th e  o v er la p  o f  th e  
wave fu n c t io n s  o f  th e  l e f t  and r ig h t  e le c t r o n s  w i l l  be m o d if ie d . T his  
e f f e c t  may be d e sc r ib e d  by s tr o n g ly  energy  dependent tu n n e lin g  m a tr ix  
e lem en ts or by th e  lo c a l  / i . e .  n o t b u lk /  d e n s ity  o f  s t a t e s  a t  th e  b a r r ie r .
The d i s t in c t i o n  o f  l o c a l  and n o n - lo c a l  e f f e c t s  i s  r a th e r  i d e a l i s t i c .  
However, th e  above c l a s s i f i c a t i o n  p o in t s  out n e c e s s i t y  f o r  two d i f f e r e n t  
t h e o r e t i c a l  tr ea tm e n ts  in  th e  p h y s ic a l ly  d i f f e r e n t  c a s e s .  The aim o f  th e  
p rese n t paper i s  t o  work out th e  th eo ry  f o r  l o c a l  e f f e c t s .
In th e  f i r s t  p a r t o f  t h i s  paper we in v e s t ig a t e  th e  p h y s ic a l  m eaning  
o f th e  d e n s ity  o f s t a t e s ,  p , in  th e  form u la
[?1еПП  ?г;яы  lí *eV)[nF (£)~nF ( E+eV)]d£
/ 1/
where I i s  th e  tu n n e lin g  cu rren t and n ,^ i s  th e  Fermi d i s t r ib u t io n  f u n c t io n .  
The d e n s ity  o f  s t a t e s  i s  u s u a l ly  d eterm in ed  from th e  e x p er im en ta l r e s u l t s ,  
u sin g  eq . / 1 / .  Our i n v e s t ig a t io n  i s  b ased  on a g e n e r a l i z a t io n  o f  B ard een ’s 
tu n n e lin g  th eo ry  [1 9 ] .  T h is th eo r y  s[ 2 o ] , w h ich  ta k e s  in t o  a cco u n t many body 
e f f e c t s  by u s in g  G reen fu n c t io n s  i s  o u t l in e d  in  S e c . 2 .  The Green fu n c t io n s  
are b u i l t  up from th e  s o lu t io n s  o f  two p a r t ic u la r  problem s co rresp o n d in g  
to- the m eta ls  on th e  l e f t  and r ig h t  hand s id e  o f  th e  b a r r ie r .  The c a lc u la t io n  
o f th e  Green fu n c t io n s  i s  g iv e n  in  S e c . 3» In  th e  c a l c u la t io n  th e  in t e r a c t io n  
w ith  th e  im p u r it ie s  in  th e  v i c i n i t y  o f  th e  b a r r ie r  i s  d e s c r ib e d  by a l o c a l  
s e l f - e n e r g y  o p e r a to r . In  S e c . 4 we o b ta in  a new e x p r e s s io n  f o r  p  , th e  
e f f e c t i v e  d e n s ity  o f  s t a t e s  ap p earin g , in  form u la  / 1 / .  p i s  r e la t e d  to  po , 
th e  bu lk  d e n s ity  o f  s t a t e s ,  by
P --
/ 2/
where Z i s  a r e n o r m a liz a t io n  f a c t o r .  T h is fu n c t io n  d e s c r ib e s  th e  energy  
spectrum  o f th e  e le c t r o n s  a t  th e  b a r r ie r ;  i t  i s  e x p r e sse d  by th e  co n d u c tio n  
e le c tr o n  l i f e  tim e co rresp o n d in g  t o  th e  s c a t t e r in g  on th e  im p u r i t ie s .  In  
° ec# 5 an average ov er  th e  p o s i t io n s  o f  th e  im p u r it ie s  i s  ta k en  and th e  
dependence o f  th e  energy spectrum  a t  th e  b a r r ie r  on th e  d i s t r ib u t io n  o f  th e
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im p u r it ie s  i s  c a r e f u l ly  i n v e s t ig a t e d .  The coh eren ce  le n g th  in tro d u c ed  by 
th e  a u th o rs [21] i s  d is c u s s e d .  I t  i s  found  th a t  th e  im p u r it ie s  in s id e  th e  
coh eren ce le n g th  measured from th e  h a r r ie r  a re th e  most e f f e c t i v e  / F i g . 2 . / .
In  th e  secon d  p a r t o f  t h i s  paper th e  c h a r a c t e r i s t i c s  o f th e  tu n n e lin g  
d io d es  are in v e s t ig a t e d ,  assum ing d i f f e r e n t  s c a t t e r in g  a m p litu d es  f o r ' t h e  
e le c tr o n -p a r a m a g n e tic  im p u rity  s c a t t e r i n g .  The r e la t io n s h ip  betw een  th e  
assumed s c a t t e r in g  a m p litu d es  and th e  r e s u l t in g  d iod e c h a r a c t e r i s t i c s  i s  
d is c u s s e d . No f i n a l  c o n c lu s io n  can he drawn, s in c e  th e  problem  o f  th e  Kondo 
s c a t t e r in g  [22] i s  n o t y e t  s o lv e d .  The known a p p ro x im a tio n s / e . g .  th e  
A b rik o so v -S u h l reson an ce  [23] and th e  Kondo bound s t a t e  [ 2 4 ] /  g iv e  q u ite  
d if f e r e n t  r e s u l t s  . F u rth er  ex p er im en ta l in v e s t i g a t i o n  o f  t h i s  ty p e  o f  
d io d e s , how ever, co u ld  g iv e  in fo rm a tio n  on th e  s c a t t e r in g  a m p litu d e s .. T h is  
in fo rm a tio n  i s  n ot a v a i la b le  from th e  m easurem ents o f  o th e r  p aram eters  
/ e . g .  b u lk  r e s i s t i v i t y / ,  b eca u se  most o f  th o s e  p aram eters depend on th e  
average o f th e  s c a t t e r in g  a m p litu d es  ta k en  over an energy in t e r v a l  o f  few  
tim e s  th e  tem p eratu re around th e  Fermi en er g y .
In S e c . 6 .  some g e n e r a l p r o p e r t ie s  o f th e  d iod e c h a r a c t e r i s t i c s  a re  
g iv e n . The most fr e q u e n t ly  d is c u s s e d  s c a t t e r in g  a m p litu d es  are  l i s t e d  in  
S e c . 7 .  The r e s u l t s  d e r iv e d  in  th e  p e r tu r b a t io n  th eo r y  o f  th e  t h ir d  ord er  
are summarized in  S e c . 8 .  In S e c . 9« th e  c h a r a c t e r i s t i c s  are  c a lc u la t e d  on 
th e  b a s is  o f  d i f f e r e n t  s c a t t e r in g  a m p litu d es  l i s t e d  in  S e c .  7» A lso  in  
S e c . 9 о th e  c o n n e c t io n  betw een  th e  ren o rm a lized  d e n s ity  o f  s t a t e s  and th e  
r e la x a t io n  tim e i s  p o in te d  out and th e  main f e a tu r e s  o f  th e  s e l f c o n s i s t e n t  
th eo ry  are o u t l in e d .  In  S e c . l o .  th e  e f f e c t  o f  e x t e r n a l  m agn etic  f i e l d  i s  
s h o r t ly  d is c u s s e d .  The com parison o f  th e  e x p er im en ta l r e s u l t s  and th e  
p r e se n t th eo ry  i s  g iv e n  in  S e c . 1 1 . In  S e c . 1 2 . th e  p o s s i b i l i t y  o f  th e  
d ete rm in a tio n  o f th e  s c a t t e r in g  a m p litu d es  from th e  tu n n e lin g  m easurem ents 
i s  d is c u s s e d  and th e  com parison  o f th e  p r e s e n t  t h e o r e t i c a l  r e s u l t s  and o th e r  
t h e o r ie s  i s  g iv e n .
BASIC FORMULATION 
2 ,  G eneral cu rren t form ula
One o f th e  a u th o rs  [2o] d ev e lo p ed  an approach t o  th e  tu n n e lin g  
phenomena f o r  m e ta l-m e ta l o x id e -m e ta l trunnel d io d e s .The Green fu n c t io n s  
o f t h i s  problem a re constructed  from th e  Green fu n c t io n s  co rresp o n d in g  to  
two p a r t ic u la r  p ro b lem s, in  w hich th e  m eta l on th e  l e f t  hand s id e  / o r  r ig h t
F u rth er l i t e r a t u r e  can be found in  r e f .  [23]
3
6hand s i d e /  i s  r e p la c e d  by an in s u la t o r .  The co rresp o n d in g  p a r t ic u la r  
problem i s  c a l l e d  th e  r ig h t  hand s id e  problem  / o r  l e f t  hand s id e  p ro b le m /.  
The o n e -p a r t ic le  c a u sa l G reen fu n c t io n s  are  in tro d u c ed  f o r  f i n i t e  tem p eratu ­
r e s  by
Gs . s -1J * - * " > =- , ' < T i V s  >
«  = r , l
/ 3 /
where r  and 1 s ta n d  f o r  th e  r ig h t  hand problem  and l e f t  h . p . ,  r e s p e c t i v e l y ,  
and s i s  th e  sp in  in d e x . The e x p r e s s io n  o f th e  c u rr en t / a t  p o in t  x /  can  be  
co n s id e red  as a re sp o n se  t o  th e  tu n n e lin g  r a te  / a t  p o in t  у / .  Thus th e  
e x p r e s s io n  f o r  th e  i^*1 component o f  th e  cu rren t has been  found to  be
/. (x ) = (C - R  ) e YL i f d f t , /  dL/ 0 tim  ^ ;
S, S' < Л  y' /  X —X-
( y, ( r
/ 4 /
where th e  d ir e c t io n  o f an arrow above a d i f f e r e n t i a l  o p era to r  in d ic a t e s
th e  operand and th e  c y c l i c  r u le  i s  t o  be fo l lo w e d  in  th e  ab sen ce  o f  an
a d ja cen t operand. The s u r fa c e  in t e g r a l  i s  t o  be ta k en  on an a r b itr a r y
su r fa c e  S* in  th e  b a r r ie r  w ith  s u r fa c e  elem ent* d f . / s e e  F ig .3 » /«  The
У f
symbol /С — R / s ta n d s  f o r  th e  rep la cem en t o f  th e  c a u s a l re sp o n se  fu n c t io n  
by th e  r e ta r t e d  o n e . For th e  sp a c e -t im e  v e c to r s  th e  fou r-com p onent n o ta t io n  
i s  a p p lie d , y = /y  у /  and th e  o p e r a t io n  / г — 1 /  s ta n d s  f o r  th e  exchange o f  
th e  r ig h t  and l e f t  i n d ic e s .
The p a r t ic u la r  Green fu n c t io n s  s a t i s f y  e q u a tio n s  in  w hich  th e  
p o t e n t ia l s  are as i l l u s t r a t e d  in  F i g .4 . / a , b .  The p o t e n t ia l  o f  th e  r ig h t  
hand problem i s  th e  same as th a t  o f  th e  o r ig in a l  one as shown in  F i g .4 / c  
e x c e p tin g  th e  r e g io n  o f  th e  m eta l on th e  l e f t  hand s i d e .  The s e l f  en ergy  
o p era to r  2Ir o f th e  r ig h t  hand problem  i s  a sum o f  th e  s e l f - e n e r g y  
o f th e  e le c tr o n  gas on th e  r ig h t  hand s id e  and th e  a d d i t io n a l  s e l f - e n e r g y  
} lg coming from th e  r e g io n  o f  th e  b a r r ie r  and i t s  neighbourhood
In th e  d e r iv a t io n  o f  th e  cu rren t fo r m u la ,e q . / 4 /  i t  i s  supposed  
th a t  th e  s e l f - e n e rgy i s  a l o c a l  fu n c t io n  o f  th e  sp ace v a r ia b le s  in s id e
The v a lu e  o f  th e  cu rr en t d e n s it y  c a lc u la t e d  by form u la  / 4 /  i s  in d ep en d en t  
"kke c h o ic e  o f  th e  s u r fa c e  S up to  th e  seco n d  ord er o f  th e  tu n n e lin g  
r a t e ,  as i t  i s  shown in  r e f .  2o .
-  7 -
th e  b a r r ie r
Г  (x ,* ’) = £ .  ( x j  x . - x j ) сf f x - л ’)  
ä / 5 /
The l o c a l i t y  c o n d it io n  iß  w e l l  f u l f i l l e d ,  when th e  b a r r ie r  s e l f -  
energy  i s  due to  th e  in t e r a c t io n  o f co n d u c tio n  e le c t r o n s  w ith  lo c a l i z e d  
s p in s  v ia  th e  exchange in t e r a c t io n ,  g iv e n  by th e  Kondo H a m ilto n ia n  [22]
N <- s,s' 1 2
(i)
/ 6/
where -  i s  th e  c o u p lin g  c o n s ta n t ,  &  and S a re th e  s p in  m a tr ic e s  o f  th e  
Nco n d u ctio n  e le c t r o n s  and l o c a l i z e d  s p in s ,  r e s p e c t i v e l y .  The summation  
in d ex  i  la b e ls  th e  d i f f e r e n t  im p u r i t ie s .  The e le c t r o n  f i e l d  o p era to r  
у (R<l)) i s  ta k en  a t  th e  p o s i t io n  o f  th e  i ttL im p u r ity . The exchange
in t e r a c t io n  sp read s o v er  about one a tom ic d is ta n c e  and th e r e fo r e  th e  
l o c a l i t y  c o n d it io n  i s  r e a l i s t i c .  The s p in - s p in  c o r r e la t io n  o f  d i f f e r e n t  
im p u r it ie s  i s  n e g le c t e d .  I f  th e  s e l f - e n e r g y  i s  n o n - lo c a l ,  e q . / 4 /  does  
n o t h o ld  and th e  p r e se n t  method cannot be a p p lie d  w ith o u t any m o d if ic a t io n .  
T h is i s  .the c a s e ,  when tu n n e lin g  i s  a s s i s t e d  by some q u a s ip a r t ic le  or  
m o lecu la r  v ib r a t io n  e x c i t a t i o n  w hich  has b een  c a l l e d  " n o n - lo c a l  b a r r ie r  
e f f e c t "  in  th e  in t r o d u c t io n .
3 .  D eterm in a tio n  o f  th e  p a r t ic u la r  G reen fu n c t io n s
The Green fu n c t io n  eq u a tio n s  f o r  th e  p a r t ic u la r  problem s are
-  + —  -  V ^ C x ) / ^  L  „  ( * , y ) G s » s , ( y , x ' ) c f * < /  -
I dx„ 2m J s' s s J  s>s  s ’s
= </ C x - x’) ; CX =  l } r / 1/
w hich  have to  be s o lv e d  a p p ro x im a te ly .
We are in t e r e s t e d  in  th e  e f f e c t  o f  th e 'p a ra m a g n etic  im p u r it ie s  p ut 
in t o  th e  b a r r ie r  or i t s  n eigh b ou rh ood . The p a r t ic u la r  G reen fu n c t io n s  can  
be d eterm ined  in  two s t e p s  namely ta k in g  in t o  a ccou n t
1 , th e  s e l f - e n e r g y  £2^ co rresp o n d in g  t o  th e  e le c t r o n - e le c t r o n  
in t e r a c t io n ,
2 , th e  e f f e c t  o f th e  im p u r it ie s .
The e l e c t r o n - e le c t r o n  in t e r a c t io n  seems t o  be n o t im portant f o r
-  8  -
th e  zero  b ia s  a n om alies [4 j ,th e r e fo r e  i t  can be ta k e n  in t o  accou n t e . g .  in  
H artree-F ock  a p p ro x im a tio n . The Green fu n c t io n  can  be g iv e n  in  th e  f i r s t
s te p  as
_ ( O )  ,
G  (Xj уS,S’joC > A
( x )
Л , ос л  S S  ; о с А . с<
/ 8/
where th e  o n e -p a r t ic le  wave fu n c t io n  X >a<s a t i s f y  th e  fo l lo w in g  S ch rö d in g er
eq u a tio n
/ - I r * , ? I K
— c X
c <  A  ;  ex ^  A  ;  c <
/ 9 /
w ith  e ig e n v a lu e s  S  ^ . The en ergy  dependent term  i s
G Co) A ,S,s' ,<»<f£T)
/   ^ °F ^A .<4 ) + Пг(£\,<х) \ ^
Z *  ] s ' s / 1 о /
where n^ i s  th e  Fermi d is t r ib u t io n  fu n c t io n .
For th e  sake o f  s im p l i c i t y  we suppose th a t  th e  b a r r ie r  i s  t r a n s la ­
t io n a l  in v a r ia n t  in  th e  d ir e c t io n s  у and z .  The wave v e c to r  p a r a l l e l  to  
th e  p lan e o f th e  b a r r ie r  к [( i s  a good quantum-number. The wave fu n c t io n s  




where f^. v / х /  i s  th e  lo n g it u d in a l  component o f  th e  wave f u n c t io n ,  v i s  
a fu r th e r  quantum number an£. i s  th e  volume o f  th e  m eta l on s id e  oc . 
Furtherm ore in s id e  th e  b a r r ie r
f x p
'v e У£ В , o< - /. r
/ 1 2 / a /
-  9 -
w ith  th e  damping f a c t o r  кj_ g iv e n  by
2 m [ v  + E l
2m F
/1 2 /Ъ /
where E^ , i s  th e  Fermi energy  and th e  p o t e n t ia l  V i s  th e  h e ig h t  o f  th e  
b a r r ie r  tak en  t o  be c o n s ta n t .  As i t  i s  w e l l  known o n ly  th e  e le c t r o n s  w ith  
energy  n ea r  th e  Fermi energy  and w ith  к ~  О p la y  ал im p ortan t r o le  in  
th e  tu n n e lin g  phenomena, b ecau se th e  wave fu n c t io n  o f  o th e r  e le c t r o n s  i s  
damped much more s tr o n g ly  in  th e  b a r r ie r .
The n ex t s te p  i s  th e  d e te r m in a tio n  o f  th e  Green fu n c t io n s  in  th e  
p rese n c e  o f  p aram agn etic  im p u r i t ie s .  There i s  a r e p r e s e n ta t io n  o f  th e  
Green fu n c t io n  s im i la r  t o  th e  p r e v io u s  one g iv e n  by eq / 8 / ,  but a l s o  
o f f -d ia g o n a l  e lem en ts  o cc u r , i . e .
G ( ? , x ] £ )  = Z X x( 7 ) G  , ( £ ) X C < Z ) -
A ,  A'
/ 1 3 /
The m a tr ix  elem en t G X>(E) can be g iv e n  in  term s o f th e  
s p e c t r a l  fu n c t io n  рл ,^(E) as
o o
f - n f (E') nr- (E‘)
E - E ' + i 6  E - E ' - i e
ÓE'
/ 1 4 /
P e r tu r b a tio n  th eo r y  g iv e s  in c o r r e c t  r e s u l t s  i f  i t  i s  a p p lie d  t o  
th e  tim e-d ep en d en t G reen fu n c t io n s  a t  f i n i t e  te m p era tu res^ , th e r e fo r e  we 
have t o  tu rn  to  th e  thermodynamic Green fu n c t io n s  w ith  com plex tim e  
v a r ia b le s  [2 6 ] , 7 (x={x,7l)
t  s ,-oc (7, x ’/) =
ICO(T-T’)
d ( T ~  7 ’) / 1 5 /
5
The a p p lic a t io n  o f th e  thermodynamic Green fu n c t io n s  w ith  r e a l  tim e  
v a r ia b le s  may g iv e  wrong r e s u l t  in  some s p e c ia l  c a n e s . U sin g  them th e  
o b ta in e d  l i f e  tim e i s  g iv e n  by th e  c o r r e c t  one m u lt ip l ie d  by an in c o r r e c t  
f a c t o r  / 1 —2nF/ E / / .
Io
where со = icon - i2.TT(2n + l) w ith  n an in t e g e r .  The s p e c t r a l
r e p r e s e n ta t io n  o f  th e  thermodynamic Green fu n c t io n s  i s
а  .(х,х')=ЕХъ (7)q  e x ' )fcoi'к ' Ai« /со , «* ' X/o<
w ith
g  a ,  a')-- /
' t O J n > *  J  L C O - E '
/ 1 6 / а /
- /1 б /Ъ /
where th e  s p e c t r a l  fu n c t io n s  (£) are th e  same ás in  e q * /1 4 / .
In ab sen ce o f im p u r it ie s  th e  s p e c t r a l  fu n c t io n  i s  o b ta in e d  by 
comparing e q s . / 1 о /  and / 1 4 /  as
j ( o )
A , A ’ / ,
1Е)ш ^ ' К 4 ( £ - £ )
/ 1 7 /
from w hich  th e  Green fu n c t io n  Cj^  i s  r e a d i ly  d eterm in ed . The r e la t i o n  





CO ,O i ^ в , ^ 4
/ 1 8 / а /
The c o n c r e te  form o f  th e  s e l f - e n e r g y  £7 due t o  th e  im p u r it ie s  
w i l l  be d is c u s s e d  l a t e r .  We o n ly  m ention  h ere th a t  i t s  im aginary  p a r t  
e x h ib i t s  th e  energy  dependence c h a r a c t e r i s t i c  t o  th e  Kondo s c a t t e r in g  
w h ile  i t s  r e a l  p a r t i s  a sm ooth fu n c t io n  o f  en er g y , w h ich  m ight be in c lu d e d  
in  th e  s c a la r  p o t e n t ia l  V« . Thus we keep o n ly  th e  im aginary p a rt o f  
ILg fo. th e  fo l lo w in g .
For th e  sake o f  s im p l ic i t y  a random d is t r ib u t io n  o f  th e  im p u r it ie s  
i s  supposed in  th e  p la n e s  p a r a l l e l  t o  th e  b a r r ie r .  The s e l f - e n e r g y  avera g ed  
over th e  p o s i t io n s  o f  th e  im p u r it ie s ,  £  depends o n ly  on th e  component 
x o f th e  space v a r ia b le .  The p a r a l l e l  momentum k (( i s  c o n se r v e d . C a lc u la t in g  
th e  m a tr ix  e lem en ts, o f th e  Dyson e q u a tio n , e q . / 1 8 /a / j  w ith  th e  fu n c t io n s  
A , we have
11 -
rojjo<(К, , < & ( * . ,  4 (" U * > > ' > * ) % » « „  V , V.')
The m a tr ix  elem en t o f  th e  s e l f - e n e r g y  i s
/1 8 /Ъ /
—  H  (k„}V, i/J = f d 3x X (x) 
Lы B>^ >« J K>v
i t  o o x (x )  -V
f x )  21 _ ( * ) ( ?  ( x )в j oj k. u ,\f *
/ 1 9 /
where th e  th ic k n e s s  o f tn e  m eta l sandw ich  i s  d en oted  by L • / / -  (x)ot */( , v~
can be ch osen  to  be r e a l  and p o s i t i v e  in  th e  b a r r i e r . /
The c o n tr ib u t io n  o f  an' im p u r ity  t o  th e  m a tr ix  e lem en t g iv e n  by 
eq . / 1 9 /  i s  very  s e n s i t i v e  t o  th e' r e l a t i v e  p o s i t io n  o f  th e  im p u rity  and 
th e  b a r r ie r ,  nam ely
1 , i f  th e  im p u rity  i s  in s id e  th e  b a r r ie r  or on i t s  su r fa c e  th e
f a c t o r  / г  у ( x} ,fx ) / х  £ В / depends o n ly  on th e  e n e r g ie s  f  r
and «fv’ • T h is  dependence i s  very  weak and th e  c o n tr ib u t io n  i s  p u r e ly  
im a g in a ry ,
2 ,  i f  th e  im p u r ity  i s  in  th e  m eta l sandw ich i t s  c o n tr ib u t io n  t o  
th e  m a tr ix  e lem en t i s  an o s c i l l a t i n g  fu n c t io n  o f  i t s  d is ta n c e  from th e  
b a r r ie r о The most s lo w ly  o s c i l l a t i n g  p a rt o f  th e  m a tr ix  elem en t i s  
p r o p o r t io n a l to
a cos [ (kj - k±) x] + b sin [(kj - k'j) x]
/ 2 о /
as i t  i s  shown in  A ppendix I .  T hese m a tr ix  e lem en ts  are  im portant o n ly  i f  
th ey  are ta k en  betw een  e le c t r o n  s t a t e s  ly in g  in  an i n t e r v a l  o f  w id th  AE 
around th e  Fermi en er g y , where A E i s  th e  en ergy  r e g io n  from w hich  th e  
la r g e s t  c o n tr ib u t io n  t o  th e  Kondo s c a t t e r in g  com es.
We can in tro d u c e  a coh eren ce le n g th  s im i la r ly  t o  th e  su p er­
c o n d u c t iv ity
"rF
Л £T / 2 1 /
12
к Г-1 0
where v л = — —  i s  th e  Fermi v e l o c i t y  * I f  th e  im p u rity  l i e s  much I m
n ea rer  th e  h a r r ie r  th an  th e  coh eren ce le n g th  , th e n  th e  f a c t o r
g iv en  by eq . / 2 о /  i s  p o s i t i v e  and ind ep en d en t o f  in d e x e s  Kj and
f o r  m atr ix  e lem en ts  tak en  betw een  th e  in t e r e s t i n g  e le c t r o n  s t a t e s  d is c u s s e d
ab ove .
Thus th e  m atr ix  e lem en ts  g iv e n  by e q . / 1 9 /  can be regard ed  to  
be independent o f th e  in d ic e s  v  and v ' , i f  th e  im p u r it ie s  are in s id e  
th e b a r r ie r  or in  th e m eta l n o t f a r  from th e  m e ta l-m e ta l o x id e  i n t e r f a c e .
In t h i s  s e c t io n  we in v e s t ig a t e  th e  form er c a s e .  The r o le  p la y e d  by th e  
im p u r it ie s  ly in g  in  th e  m eta l w i l l  be d is c u s s e d  in  S e c . 5» From e q . / 1 9 /  
we g e t
L В, со ; cx (k. У ,
(у ) E  (x)dx 
* ff’ ^
(x) E  (x) C (x)c/xCO
/ 2 2 /
where f  i s  an averaged  wave fu n c t io n  ta k en  a t  th e  Fermi energy and с / х /  
sta n d s fo r  th e  im p u rity  c o n c e n tr a t io n . I t  i s  supposed  t o  depend on ly  on 
th e  d is ta n c e  from th e  su r fa c e  o f  th e  b a r r ie r ,  £7  fx > i s  th e  c o n tr ib u t io n
Co
to  th e  s e l f - e n e r g y  o f one im p u rity  in  th e  sp ace p o in t  x .
For th e  c a lc u la t io n  o f  th e  cu rr en t g iv e n  by eq . / 4 /  th e  Green 
fu n c tio n s  G  or CJ, w ith  sp ace v a r ia b le s  ly in g  in  th e  b a r r ie r  a re  n eed ed , 
which may be w r it t e n  a s  s
CJ ( x , x ’)  = -  H  e  L * "  ( * *  f x ) / *  C x )  CJI (  к  У,  V ' ’)
°< к u ) и, У '
 ^ r— i к (X * ) r <*■ . \ Í01 / , \
—  H e  /1  ^ Г x > x /
I  Г  *.
( k . )
/ 2 3 /
where we have made use o f  e q s .  / 11 /  and / 1 6 / а / ,  m oreover  
f  _ ^  and
Ы. ~ .
The sp in  p o la r iz a t io n  around th e  im p u r ity  becom es n e g l i g i b l e  o u ts id e  o f  
a s im ila r  d is t a n c e .  See N agaoka’ s work, r e f .  [24]
-  13 -
T aking th e  m a tr ix  e lem en ts  o f th e  Dyson e q u a t io n , e q . / 1 8 / a /  and a v er a g in g  
a cco rd in g  t o  e q . / 2 4 / ,  by making use o f  e q . / 1 9 /  we have
 ^ L  (*.) С}ш .м (к.)
where
( b  - -o j  ■; ct /  v- ‘-cl
The s o lu t io n  o f eq u a tio n  / 2 5 /  i s
/ 2 5 /
' / 2 6 /
7 7 -
/
<■*,) Cf'"'В, си ;«  * f ( j j -  e< " 7
The s p e c t r a l  r e p r e s e n ta t io n  o f  th e  averaged  G reen fu n c t io n  i s
/2 7 /
5 2 , ^ 2
& (£_; £'■>
L C O  -  £ '
d £ ‘
Comparing e q . / 2 8 /  w ith  e q s .  / l b / а /  and / 2 4 /  we g e t
/ 2 8 /
£  / * , ; £ )  = f  Г  p (£)
*  I V, W '  к  „ ■t'*') (  к  „ ) \ r  )  I •*
w hich i s  p o s i t iv e  b eca u se  i t  i s  sym m etrica l in  th e  in d i c e s .  / 2 9 /





C f ( k „ )  - O f  (к
?
/ íaj ~ E + *£;< * CjO - E - / d ) CK J
/ З о /
The u nperturbed  a v era g ed  Green fu n c t io n ,  g iv e n  by e q . - / 2 6 /  can be 
c a lc u la t e d  e a s i l y
Я
/о) ( к  )4 // 7
I (jJ  -  E  T  / (f  ;  X
£
E-£-к .
-— — у- ‘ >£) /3 1 /
-  14
where Л> • « (* « ,£ ) i s  th e  Par1:ia;L d e n s ity  o f  s t a t e s  f o r  a g iv e n  wave 
v e c to r  IT . The f i r s t  sum g iv e s  on ly  a sm a ll c o n tr ib u t io n  f o r  E«E-p and 
th u s can be n e g le c t e d .  A d e t a i l e d  d is c u s s io n  o f  t h i s  ap p ro x im a tio n  w i l l  
he g iv en  in  S e c . 5* In t h i s  way we have
q M  . * ( * . )  = * л ? . ,  *<*•>a I со =  E  — >
/ 3 2 /
where ? 0><<(£„) = &.«(!<„■,£= (?) i * e * a weak dependence o f
th e  d e n s ity  o f  s t a t e s  on th e  energy i s  assum ed.
Comparing e q s .  / 3 2 /  and / 2 7 /  and u s in g  th e  s p e c t r a l  theorem , e q . /3 o / ,  
we g e t th e  fo l lo w in g  e x p r e s s io n  o f  th e  a v era g ed  p er tu rb ed  s p e c t r a l  fu n c t io n
£  ( ? .  ; £ )  -
/ 3 3 /
where , w hich  i s  a q u a n tity  o f  r e la x a t io n  tim e ty p e ,  i s  d e f in e d  th rou gh  
th e  p u rely  im aginary s e l f - e n e r g y  as
H n Cku)
1
/ 3 4 /
The d e r iv a t io n  o f form ula / 3 3 /  i s  one o f  th e  c r u c ia l  p o in t s  o f  our th e o r y .  
I t s  g e n e r a l iz a t io n  to  th e  c a se  in  w hich  th e r e  are im p u r it ie s  a l s o  in  th e  
m etal w i l l  he g iv e n  in  S e c . 5«
4 .  E x p ress io n  o f th e  t o t a l  cu rren t
The t o t a l  cu rren t can be d eterm in ed  by in s e r t in g  th e  p a r t ic u la r  
Green fu n c t io n s  g iv e n  by e q s .  / 1 4 / ,  / 1 6 / а / , / 2 9 /  and / 3 3 /  in t o  th e  g e n e r a l  
cu rren t fo rm u la , eq . / 4 / 0 As i t  i s  shown in  A ppendix I I  th e  cu rr en t may be 
ex p re ssed  by th e  s p e c t r a l  fu n c t io n s  (<<„ , E) /« = 1 ,г /  in  th e
fo l lo w in g  way
T ( v ) = ^ e E I  T(kh) \ZJ d E  ?c(k t/] £T)p^  (kh)E + eV ) j n р (E) -  np (E  + e v ) j
/ 3 5 /
where T(k„)  i s  th e  tu n n e lin g  m a tr ix  e lem en t and V i s  th e  a p p lie d  b i a s .  
T h is form ula i s  a g e n e r a l iz a t io n  o f th e -o n e  v a l id  in  th e  f r e e  e le c t r o n  
m odel.
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The s p e c tr a l fu n c t io n  ?J-kn}E) has d i f f e r e n t  p h y s ic a l  i n t e r -
p e ta t io n s  f o r  d i f f e r e n t  sy stem s as i l l u s t r a t e d  in  T ab le I .
TABLE I
P h y s ic a l  in t e r p r e t a t io n  o f th e  s p e c t r a l  fu n c t io n  f o r  d i f f e r e n t
system s
Formula P h y s ic a l  in t e r p r e t a t io n System
Po
one p a r t i c l e  d e n s ity  o f  
s t a t e s
f r e e  e le c t r o n  
model
?tun (*> i n  =
= YLp(k„,k1;E)
kl
tu n n e lin g  d e n s ity  o f  
s t a t e s  
[27]
s tr o n g  c o u p lin g  
su p erco n d u cto rs
Plot:a! > ~
= ?o(k,i£)Z(k,i£)
l o c a l  d e n s ity  o f  s t a t e s l o c a l  b a r r ie r  
e f f e c t s
The tu n n e lin g  d e n s ity  o f s t a t e s  has b een  in tr o d u c e d  by S c h r ie f f e r ,  
S ca la p in o  and W ilk in s [271 f o r  s tr o n g  c o u p lin g  su p e r c o n d u c to r s . As t h i s  
q u a n tity  r e f l e c t s  th e  spectrum  o f th e  b u lk  m a t e r ia l ,  th e  summation in d ex  
V* may be r e p la c e d  by th e  wave v e c to r  p e r p e n d ic u la r  t o  th e  b a r r ie r  
s u r fa c e  , T his d e n s ity  o f  s t a t e s  may be e s s e n t i a l l y  d i f f e r e n t  from th e
u su a l one c a lc u la t e d  from th e  d is p e r s io n  r e la t i o n  o f  th e  one p a r t i c l e  
e x c i t a t io n s  w hich  e n te r s  th e  thermodynamic q u a n t i t i e s  o f  an in t e r a c t in g  
e le c t r o n  g a s '7.
n
R e cen tly  i s  has been  p o in te d  o u t , th a t  h ea t c a p a c ity  o f  d i l u t e  m agn etic  
a l lo y  in  hom ogeneously p o la r iz e d  s t a t e  i s  d eterm in ed  by th e  tu n n e lin g  
d e n s ity  o f  s t a t e s  in s t e a d  o f  th e  therm odynam ic o n e , i f  th e  Kondo H am ilton­
ia n  assum ed. J . Sólyom and A .Zaw adow ski, p h y s ic a  s t a t u s  s o l i d i ,  to» be 
p u b lis h e d .
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In th e  ca se  d is c u s s e d  h ere  th e  s p e c t r a l  fu n c t io n  cannot be r e p la c e d  
hy th e  bu lk  on e, becau se i t  i s  d ep resse d  n ea r  th e  h a r r ie r  due t o  paramagne­
t i c  im p u r it ie s .  The measure o f  th e  d e p r e s s io n  i s  th e  r e n o r m a liz a t io n  f a c t o r
p ( kn ) E ) 
po £ ) / 5 6 /
which in  th e  p r e se n t ca se  a cco rd in g  t o  e q . / 5 5 /  i s
7 +■" 9О , <X (■ k„)
гт« (k niE) / 5 7 /
As i t  has been m entioned  b e fo r e ,  i t  i s  on ly  th e  s t a t e s  w ith  к »  о 
th a t  c o n tr ib u te  a p p r e c ia b ly  to  th e  t o t a l  c u r r e n t , th e r e fo r e  th e  r e n o r m a liz a t­
io n  c o n sta n t can be r e p la c e d  by i t s  v a lu e  f o r  k„= o , i . e .
Z J E )  = OjE)~
i
( o )
4  !  о r~27„(E)
/ 5 8 /
where -0;E)= T^(E)
The co rresp o n d in g  d e n s ity  o fs s t a t e s  i s
_ . 1 rn /
r°; =p (k, = 0 ) -------=p  —
)0>°< " J  p0 r° Ns t
/ 5 9 /
pom
where pQ i s  th e  Fermi momentum, po = i s  th e  d e n s ity  o f  s t a t e s  a t  th e
Fermi l e v e l ,  Ng i s  th e  su r fa c e  d e n s ity  o f atom s w hich  i s  d e f in e d  ta k in g  a 
su r fa c e  o rth o g o n a l to  one o f  th e  c r y s t a l lo g r a p h ic  a x es  in  a cu b ic  c r y s t a l  
and z i s  a number o f ord er u n i t y .
I n s e r t in g  eq . / 3 9 /  in t o  eq . / 3 8 /  wo g e t  th e  f i n a l  r e s u l t s
Z j £ )  =
f + ?o
Л __
Ns l гтк (£ )
Д о /
-  17 -
I t  i s  worth, m en tio n in g  th a t  th e  r e n o r m a liz a t io n  f a c t o r  a lw ays le a d s  
t o  a d e p r e s s io n  o f  th e  d e n s ity  o f  s t a t e s  a t  th e  h a r r ie r  and n e v e r  t o  an 
enhancem ente /S e e  F ig .  2 / b . /
5 .  Dependence o f  th e  r e n o r m a liz a t io n  f a c t o r  on th e  p o s i t io n s  o f  th e  
im p u r it ie s
The r e n o r m a liz a t io n  c o n s ta n t Z /E /, g iv e n  by e q , / 4 о /  depends on th e  
r e la x a t io n  tim e Г , w hich  i s  d eterm in ed  by th e  m a tr ix  e lem en t / 19/ .  T h is  
m a tr ix  elem ent i s  composed o f  th e  im aginary  p a r t o f  th e  s e lf - e n e r g y »  
lm U cu(R)i co rresp o n d in g  to  one im p u r ity .
o f  th e  e le c t r o n  d e n s ity  a t  th e  im p u r ity  s i t e  R th rou gh  th e  in te r m e d ia te  
s t a t e s .  U sin g  th e  Kondo H a m ilto n ia n ,e q . / 6 / , we g e t  th e  fo l lo w in g  s tr u c tu r e
where s i s  a fu n c t io n  o f  со and a fu n c t io n a l  o f  i t s  argum ent. I n s e r t in g  
e q . / 4 1 /  in to  eq . / 2 2 /  we have
In  e q . / 4 2 /  th e  lo n g it u d in a l  com ponents o f  t h e  wave fu n c t io n s  have been  
r e p la c e d  by th e  average v a lu e  f  ta k en  a t  th e  Fermi l e v e l .  T his i s  a good  
ap p rox im ation  p ro v id ed  th e  im p u r it ie s  l i e  n e a r e r  th e  b a r r ie r  th a n  th e  
coh eren ce  le n g th  £aE in tro d u c ed  in  e q . / 2 1 / .  The en ergy  dependence o f  
th e  d e n s ity  o f  s t a t e s  a t  th e  im p u rity  s i t e  R can be d eterm in ed  from th e  
Green fu n c t io n  0[ as
i s  a f u n c t io n a l  o f  th e  en ergy  spectrum  p C R ; £ )
/ 4 1 /
/ 4 2 /
/
/ 4 3 /
Making use o f e q . / 1 6 / а - Ь / ,  / 1 1 /  and / 2 9 /  we o b ta in
-  18 -
We have d er iv ed  a co u p led  system  o f  eq u a tio n s  c o n s i s t i n g . o f  e q s .  
/3 3 /*  / 4 2 /  and / 4 4 /  f o r  th e  r e n o r m a liz a t io n  f a c t o r  Z /k ,, ;E / and f o r  
у  ;E / • We sh ou ld  determ in e p  ( k „ ; E )  from t h i s  system  o f  e q u a tio n s  
in  a s e l f c o n s i s t e n t  way w hich  i s  im portant in  a l l  c a s e s ,  where th e  r e la t i v e  
am plitude o f  th e  e f f e c t  i s  n o t sm a ll / e . g .  i f  Z /E /<  0 ,8  a t  some en ergy  
v a l u e s / •
For th e  in v e s t ig a t io n  o f  th e  dependence o f  th e  r e n o r m a liz a t io n  
f a c t o r  on th e  p o s i t io n  o f  th e  im p u r it ie s  r e l a t i v e  to  th e  h a r r ie r  we have  
to  r e c a l l  th a t  when s o lv in g  th e  Dyson e q u a t io n , eq . /1 8 /Ъ /  i t  has been  
supposed th a t  th e  m atr ix  elem en t И ( k , . , y , y )  g iv e n  by e q . / 2 2 /
i s  independent o f th e  in d ic e s  v  and v '  in  an en ergy  r e g io n  n ea r  th e  
Fermi l e v e l .  I f  th e  im p u r it ie s  l i e  in s id e  th e  m e ta l, th e  d is ta n c e  d o f  th e  
im purity  from th e  su r fa c e  o f  th e  h a r r ie r  and th e  en ergy  in t e r v a l  л е  where 
th e  m atrix  elem ent i s  ind ep en d en t o f  v- and v~ ’ a re  co n n ected  by a 
r e la t io n  s im i la r  to  eq . / 2 1 / .  We r e q u ir e  t h i s  ind ependency f o r  an energyQ
in t e r v a l  la r g e r  th an  kT, eV and kT^, where kT .^ i s  th e  energy  i n t e r v a l  in  
which th e  Kondo s c a t t e r in g  i s  e f f e c t i v e .  I f  th e  im p u r it ie s  l i e ' n e a r e r  th e  
m eta l-m eta l o x id e  in t e r f a c e  th an  th e  Kondo co h eren ce  le n g th  £ ,
g iv e n  by
kTH / 4 5 /
th e  above s u p p o s it io n  h o ld s  and t h i s  makes p o s s ib le  t o  w r ite  th e  secon d  
term on th e  r ig t h  hand s id e  o f  e q . / 2 5 /  a s  a p ro d u c t.
The problem can be g r e a t ly  s im p l i f ie d  i f  th e  r e a l  p a r t o f  ŰJ(<>) 
in  eq . / 31 /  v a n is h e s ,  i . e .
P
£ ----------* о
T his i s  tr u e  i f  th e  summation ov er  v* ex te n d s  t o  an energy i n t e r v a l  a £ *  
a t l e a s t  an ord er o f m agnitude la r g e r  th an  th e  en ergy  in t e r v a l s  d is c u s s e d  
above, kTg- c< д E . T h erefo re  we r e q u ir e  th a t  th e  m a tr ix  e lem en t 
£  B/U> (*/,  ^v~. )  be ind ep en d en t o f ’th e  in d ic e s  v- and v~ in  th e
energy in t e r v a l  лЕ  around th e  Fermi e n e r g y . A ccord in g  to  th e  above 
c o n s id e r a t io n s  th e  maximal d is ta n c e  <3^ ах o f t h e • im p u r it ie s  from th e  s u r fa c e  
o f th e  b a r r ie r  i s  l im ite d  by th e  c o n d it io n
d  _ / 4 6 /
The d e f in i t i o n  o f th e  Kondo tem p eratu re i s  КГ„=1.14ЕЛ, where E i s  g iv e n  
by / 5 3 / .  ^  0 о b
8
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where Л  V/L
А £ л £
T h is means th a t  th e  d is ta n c e  d^ must he s m a lle r  th an  th e  Kondo 
coh eren ce  le n g th  ß.T by a t  l a s t  one ord er o f  m agn itu d e.
I f  th e  th ic k n e s s  o f  th e  im p u rity  la y e r  on th e  b a r r ie r  s a t i s f i e s  th e  
c o n d it io n  / 4 6 / ,  th en  th e  m a tr ix  e lem en t / 2 2 /  o f  th e  s e l f - e n e r g y  i s  
p r o p o r t io n a l t o  th e  im p u rity  c o n c e n tr a t io n . The am p litu d e o f  th e  zero  b ia s  
a n o m a lies can be in c r e a s e d  by e v a p o r a t in g  more im p u r ity  a tom s. I t  can  be 
shown, how ever, th a t  in  th e  l im i t  when th e  m eta l on one s id e  i s  a d i lu t e  
a l lo y  w ith  hom ogeneously d is t r ib u t e d  im p u r it ie s  th e  tu n n e lin g  d e n s it y  o f  
s t a t e s  does n o t change due to  th e  im p u r i t ie s .  The p r e s e n t  th eo r y  can n ot  
be a p p lie d  to  th e  ca se  in  w hich  th e  th ic k n e s s  o f  th e  im p u r ity  la y e r  i s  
la r g e r  than
I t  seems re a so n a b le  th a t  th e r e  i s  an o p tim a l th ic k n e s s  o f  th e  
im p u r ity  la y e r ,  i . e .  when th e  e f f e c t  o f  th e  im p u r it ie s  i s  th e  l a r g e s t .
In a d i lu t e  a l l o y  th e  s e l f - e n e r g y  avera g ed  o v er  th e  p o s i t io n s  o f  
im p u r it ie s  i s  in d ep en d en t o f  th e  sp ace v a r ia b le s  and a cc o rd in g  to  e q . / l 9 /
i t  i s  d ia g o n a l in  th e  i n d i c e s .  The Dys«n e q u a t io n , eq . / 1 8 / Ь /  i s
'r. \M  (k, v)L (kn y  "> B, CL> ") v ) q (k. v, v
. /4 7 /
where Z (kliyv-) = 22 (k, v,v) . Now th e  f i r s t  term in  th e  e x p r e s s io n  o f~(0) в, tu B.lxJ '
g iv e n  by eq . / 3 1 /  cannot be n e g le c t e d .  Assum ing th a t  th e  exhange  
c o u p lin g  co n sta n t i s  in d ep en d en t o f  the' momenta th e  s e l f - e n e r g y  o f  th e  
e le c t r o n s  in  a d i lu t e  a l l o y  depends o n ly  on th e  e n e r g y . The s p e c t r a l  fu n c t io n  
?^.oc(E)=dx x,~ f A x’-* (£f v'> ^  g iv e n  by e q . /1 6 /Ъ /  can  be c a lc u la t e d  u s in g  th e  
s p e c t r a l  theorem , e q . / З о / ,  and we g e t
Pa ;*
_________ ___________________
+ ( l m  L c
The tu n n e lin g  d e n s it y  o f  s t a t e s  g iv e n  in  T able I  i s
/ 4 8 /
Irn E,
( E - f ?  - f t f . / 4 9 /
N e g le c t in g  th e  energy dependence o f  th e  u n ren orm alized  d e n s ity  o f s t a t e s  
we g e t
2o
/ 5 о /
T hjs th er e  i s  no hu lk  e f f e c t  in  th e  tu n n e lin g  d e n s ity  o f  s t a t e s  due to  th e  
im p u r it ie s .  T h is r e s u l t  s u g g e s ts  th a t  th e  am p litu d e o f  th e  e f f e c t  becom es 
sm a ller  i f  th e  dependence o f  th e  m atr ix  e lem en ts  / 19/  on th e  in d ic e s  у  , v* 
s t a r t s  to  s e t  in .
The problem o f  th e  im p u r it ie s  in  th e  b a r r ie r  i s  much more s im p le .
The deep er th e  im p u rity  i s  in  th e  b a r r ie r  th e  more th e  a v era g ed  am p litu d e  
o f th e  e le c tr o n  wave fu n c t io n  d e c r e a s e s .  T h is  am p litu d e occu re in  th e  s e l f -  
en erg y , eq , / 4 2 /  e x p l i c i t l y  and in  th e  argument o f  th e  fu n c t io n  s th rou gh  
th e  d e n s ity  o f  th e  in te r m e d ia te  s t a t e s .  B ecause th e  fu n c t io n  s i s  o f  h ig h e r  
ord er in  th e  co u p lin g  c o n s ta n t ,  th e  im p u r it ie s  in  th e  b a r r ie r  f a r  from th e  
su r fa c e  do not g iv e  an e s s e n t i a l  c o n tr ib u t io n  to  eq . / 4 2 / .  A rough e s t im a te  
r'x. th e  averaged  wave fu n c t io n  f  a s  a fu n c t io n  o f  th e  sp a ce  v a r ia b le  m easured  
from th e  b a r r ie r  su r fa c e  shows th a t  th e  im p u r it ie s  in  th e  secon d  a tom ic  
la y e r  o f th e  b a r r ie r  cau se a lrea d y  very  sm a ll e f f e c t .
T h is we may con clu d e th a t  on ly  th e  im p u r it ie s  fou n d  in  th e  m eta l
9
sandwich in s id e  th e  Kondo coh eren ce  le n g th  and in  th e  f i r s t  and secon d  
atom ic la y e r s  o f  th e  b a r r ie r  are im p ortan t from th e  p o in t  o f  v iew  o f  th e  
l o c a l  tu n n e lin g  a n o m a lie s .
T h is change in  th e  l o c a l  energy spectrum  o f th e  co n d u c tio n  e le c t r o n s  
appears on ly  in  th e  range o f th e  coh eren ce  le n g th .  T h is s ta te m en t can be 
proved u sin g  th e  a cc u r a te  e x p r e s s io n  o f  th e  l o c a l  energy  spectrum
P« E
d k n 2
1_ы v,r'J(2jnz kn,v,«4  > v'< r ’i  E )fc ( R )
/ 5 1 /
The p rod uct o f th e  two wave fu n c t io n s  i s  g iv e n  by eq . / 2 2 / .  They 
can be r e p la c e d  by th e  a veraged  wave fu n c t io n s  i f  th e  sp ace v a r ia b le  R i s  
in s id e  o f th e  coh eren ce le n g th .  O u tsid e o f  th e  coh eren ce  le n g th  th e  e f f e c t  
o f th e  im p u r it ie s  i s  d e s tr o y e d  by th e  in t e r f e r e n c e  o f  th e  wave fu n c t io n s  
as i l l u s t r a t e d  in  P ig .  2 /b .
As we have seen  hom ogeneously d is t r ib u t e d  im p u r it ie s  ca u se  no ’e f f e c t  in  
the tu n n e lin g  d e n s ity  o f  s t a t e s .  T h ere fo re  th e  inhom ogeneous p a r t o t  
the d is t r ib u t io n  fu n c t io n  ap p earin g  in s id e  o f  th e co h eren ce  le n g th  
c o n tr ib u te s  to  th e  zero  b ia s  a n o m a lie s .
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CHARACTERISTICS
6 . G en era l b eh a v io u r  o f th e  c h a r a c t e r i s t i c s
Now l e t  us d is c u s s  th e  form u la  / 3 5 /  o f  th e  cu rr en t There are  two 
p o s s ib le  c o n s tr u c t io n  o f  th e  sa m p les . Nam ely, i f
1 , th e r e  are im p u r it ie s  o n ly  on one s id e  o f  th e  b a r r ie r ,
2 ,  th e r e  are im p u r it ie s  on b o th  s id e s  o f th e  b a r r ie r .
The f i r s t  p o s s i b i l i t y  i s  r e a l i z e d  in  ex p er im en ts  where p aram agn etic  
im p u r it ie s  are ev a p o ra ted  on one o f  th e  s u r fa c e s  o f  th e  b a r r ie r  [7 1 ,[8 ]  
w h ile  th e  second  one i s  th e  c a se  o f  ju n c t io n s  w ith  o x id e  la y e r  c o n s i s t in g  
o f param agnetic  atoms or io n s  [ 1 ] , [ 2 ] .
At zero  tem p eratu re th e  cu rren t fo rm u la , eq . / 3 5 /  i s  s im p l i f ie d  to
th e  fo l lo w in g  one
I ( v ) ~ f d E о , ( E ) Z . ( E ) o  ( £ t e V ) Z  (E+eV)
Jo >L P'r / 5 2 /
where a l l  q u a n t i t ie s  a re  ta k en  k ^  0 as in  e q s .  / 3 8 - 4 о / .
An e s s e n t i a l  s im p l i f i c a t i o n  a p p e a rs , i f  th e r e  a re  im p u r it ie s  o n ly  on 
one s id e  o f  the b a r r ie r  and th e  b u lk  d e n s ity  o f s t a t e s '  o f  th e  m e ta ls  can be
ta k en  to  be c o n s ta n ts .  Thus we g e t
/ 5 3 /
In g en er a l d ynam ical con d uctan ce can be d eterm in ed  by ta k in g  th e  
d e r iv a t iv e  o f th e  c u r r e n t , e q . /3 5 /»  At f i n i t e  tem p era tu res t h i s  d e r iv a t iv e ,  
how ever, c o n ta in s  i n t e g r a l s ,  w hich in  g e n e r a l can be c a lc u la t e d  on ly  by a 
com puter. The ca se  d is c u s s e d  above i s  an e x c e p t io n  and we g e t  th e  f o l lo w in g  
sim p le  e x p r e s s io n  f o r  d ynam ical con d uctan ce and r e s i s t i v i t y  from e q . / 5 3 /
G ( v )  -
d f ( v )
d  V




/ 5 4 /
T h is  i s  a good a p p rox im ation  a t  f i n i t e  tem p era tu res t o o ,  p ro v id ed  
eV >> kT and th e  v a r ia t io n  o f th e  r e n o r m a liz a t io n  c o n s ta n t  Z /E / i s  sm a ll
-  22
enough in  in t e r v a l s  o f th e  ord er  kT, i . e .  i f
k T « Z . (eV)
E = ev
7 , S c a tte r in g  am p litu d es
For th e  c a lc u la t io n  o f  th e  r e n o r m a liz a t io n  c o n s ta n t  e q , / 38/  and  
th e  c h a r a c t e r is t ic s  we n eed  a n a l i t i c a l  form s o f  th e  s c a t t e r in g  a m p litu d e s .  
Here we do n ot want t o  g iv e  a c r i t i c a l  d is c u s s io n  o f  th e  Kondo problem  and 
th e  d e te rm in a tio n  o f th e  s c a t t e r in g  a m p litu d e1 0 . Our aim i s  t o  g iv e  th e  
most im portant f e a tu r e s  o f  th e  d ynam ical con d u ctan ce / o r  r e s i s t i v i t y /  f o r  
th e  t y p ic a l  s c a t t e r in g  a m p litu d e s , fou n d  in  th e  cu rr en t l i t e r a t u r e *
The s im p le s t  form o f  th e  s c a t t e r in g  am p litu d e  can  he o b ta in e d  in  th e  
t h ir d  ord er o f p e r tu r b a t io n  th e o r y , th e  a p p l i c a b i l i t y  o f  w h ich , h ow ever, i s  
very  l im ite d  [2 3 ] .  We s h a l l  d is c u s s  t h i s  c a se  in  S e c . 9»
* J ±
d f
U sin g  n o n p er tu rb a tiv e  m ethods a g r e a t  v a r ie t y  o f  t h e o r e t i c a l  r e s u l t s  
have been  d e r iv e d . These r e s u l t s  e s p e c ia l l y  f o r  a n t ife r r o m a g n e t ic  c o u p lin g  
lea d  to  d i f f e r e n t  p h y s ic a l  co n se q u e n c e s . We r e s t r i c t  o u r s e lv e s  t o  th r e e  
ty p e s  h e r e .
1 . A brikosov  ty p e  [2 3 ]:  The s c a t t e r in g  am p litu d e shows maxima a t  
e n e r g ie s  —Eq co rresp o n d in g  t o  re so n a n t s c a t t e r i n g .  The en ergy  o f  th e  
resonan ce i s
£ °* £‘ e*p {* T T
/ 5 3 /
where Ec i s  a c u t - o f f  en ergy  d eterm in ed  by th e  band w id th  and l o c a l i t y  o f  
th e in t e r a c t io n  in  s p a c e . The u s u a l ly  a c c e p te d  v a lu e s  l i e  in  th e  in t e r v a l  
lo o  meV< Ec < lo  eV, where th e  upper l im i t  co rresp o n d s t o  th e  band w id th  and 
th e  low er one to  th e  l o c a l i t y  [28] . The im agin ary  s e l f - e n e r g y  due t o  one 
im p urity  a t  s i t e  R, i s
lm E,
/ 23p(R) Ec )2 / 23?°'(R)
2T J R )
---- / +
N  IEI
f o )  .
N
where
г  ( r ) ( л/
- )  s ( S H ) K f <°> ( $ )
/ 5 6 /
/ 5 7 /
lo
See th e  cu rren t l i t e r a t u r e in  r e f .  [23- 25 ]
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As compared to  th e  o r ig in a l  A b r ik o so v ’ s one t h i s  e x p r e s s io n  has
pbeen completed by a further term containing the parameter jo t o  a v o id  th e2o ccu r in g  d iv e r g e n c e . The param eter тс has b een  e s t im a te d  by io s id a  and 
O k ij i [29] and found  to  be тсг = s(s + /) у  ^  . The v a l i d i t y  o f  th e  s c a t t e r in g  
a m p litu d e s , e q c / 5 6 / ,  i s  q u e s t io n e d  t h i s  tim e f o r  low tem p era tu res k Г<£ o 9 
b eca u se  o f th e  apperance o f  an in a d m is s ib le  com plex p o le  o f  th e  s c a t t é r in g  
am p litud e on th e  p h y s ic a l  s h e e t .
When c a lc u la t in g  th e  c h a r a c t e r i s t i c s  f o r  d i f f e r e n t  m odels we w i l l  
a c c e p t  th e  s c a t t e r in g  am p litud e in  eq . / 5 6 /  f o r  th e  re so n a n t s c a t t e r in g  
m odel.
2 ,  Suhl-Wong ty p e  [2 5 ]:  There i s  a sharp maximum in  th e  s c a t t e r in g  
a m p litu d e , b u t i t s  en ergy  i s  a lw ays com parable w ith  th e  te m p era tu re . •
5 , Nagaoka ty p e  [ 2 4 ] s At low enough tem p era tu res a quasibound s t a t e  
o f th e  l o c a l i z e d  s p in  and a co n d u c tio n  e le c t r o n  o c c u r s . The t r a n s i t i o n  
tem perature co rresp o n d in g  t o  th e  fo rm a tio n  o f  th e  quasibound s t a t e  i s
kTc ~ 1,1 £t
and th e  im aginary s e l f - e n e r g y  i s  g iv e n  by
-  -  1 E °
^ i c * . E ± i £ C R )  f r p fo> ( R )  E 2 +
w h ere, in  Nagaoka’s n o t a t io n ,  Eq = Л
/ 5 8 /
/ 5 9 /
T his s o lu t io n  e x h ib i t s  a maximum in  th e  s c a t t e r in g  am p litud e a t  
zero  energy and i t  m ight be regard ed  as- some ty p e  o f  reso n a n ce  w ith  zero  
en er g y .
The d i f f e r e n t  im aginary  s e l f - e n e r g i e s  are  p lo t t e d  in  F ig .  3 / a - c / .
8 .  C h a r a c te r is t ic s  in  p e r tu r b a t io n  th eo ry
We t r e a t  th e  r e n o r m a liz a t io n  c o n sta n t up t o  t h ir d  ord er  o f  p e r tu r b a t­
io n  th e o r y . T h is problem  has been  in v e s t ig a t e d  by Appelbaum a p p ly in g  th e  
tu n n e lin g  H am ilton ian  method [ 5 ] ,  [4] and by one o f  th e  a u th o rs  in  th e  way 
p r e s e n te d  h ere [ 6 ] .  The u se  o f  p e r tu r b a t io n  th eo r y  can be e x p e c te d  t o  be  
j u s t i f i e d  i f  a t  a l l  on ly  fo r  fe r r o m a g n e tic  co u p lin g  in  w hich ca se  th e  
problem  o f a re so n a n t or bound s t a t e  d oes n o t a r i s e .  I t  w i l l  be se e n  in  th e
n e x t  s e c t io n  th a t  th e  v a l i d i t y  o f  th e  r e s u l t s  c a lc u la t e d  up to  th ir d  o rd er  
i s  r e s t r i c t e d  to  h ig h  e n e r g ie s ,  th e  r e g io n  o f  a p p l i c a b i l i t y ,  how ever, can  
be ex ten d ed  by r e p la c in g  th e  c o u p lin g  c o n s ta n t  and o th e r  p aram eters by
F u rth er d is c u s s io n  can  be found in  Appendix I I I .
f /
-  2 4  -
e f f e c t i v e  v a lu e s .  Appelbaum’s and th e  p r e se n t r e s u l t s  are compared in
S ec . 12 .
For th e  d e term in a tio n  o f th e  s e l f - e n e r g y  we have t o  ap p ly  th e
12thermodynamic Green fu n c t io n s  w ith  com plex tim e  v a r ia b le s  . The s e l f -  
energy o p era to r  ZT i s  c a lc u la t e d  in  A b r ik o so v ’ s f i c t i t i o u s  ferm io n  o p e r a to r  
tech n iq u e [2 3 ] .  The second  and th ir d  ord er c o n tr ib u t io n s  t o  th e  s e l f - e n e r g y  
are g iv en  in  F igs-. 4 /а -Ъ / ,  r e s p e c t i v e l y .  In th e s e  diagram s th e  p ro p a g a to rs  
o f f i c t i o u s  ferm ion s are r e p r e se n te d  by d o tte d  l i n e s  w h ile  th e  s o l i d  l i n e s  
sta n d  f o r  th e  e le c t r o n  p ro p a g a to rs .
A fte r  th e  a n a ly t i c a l  c o n t in u a t io n  in  th e  energy  v a r ia b le  th e  s e l f ­
energy up to  t h ir d  ord er i s  g iv e n  by
where eq . / 57/  has been u sed . Eq s ta n d s  f o r  th e  c u t o f f  en er g y .
The d e n s ity  o f s t a t e s  a t  th e  s i t e  R o f  th e  im p u r ity  i s  e x p r e sse d  
by th e  averaged  am p litud e o f  th e  wave fu n c t io n s  o f  th e  in te r m e d ia te  s t a t e s  
a t th e  Fermi l e v e l  as
and vF i s  d e f in e d  by < f ) - О
The e le c tr o n s  on b oth  s id e s  c o n tr ib u te  to  th e  d e n s ity  o f  th e  i n t e r ­
m ediate s t a t e s  as shown by e q . / 60/ .  As o n ly  th e  im p u r it ie s  a t  th e  b a r r ie r  
su r fa c e s  are e f f e c t i v e ,  R has t o  be n ea r  one o f  th e  s u r fa c e s  and th e  
c o n tr ib u tio n  o f th e  e le c t r o n s  on th e  -op p osite  s id e  o f  th e  ju n c t io n  can be 
n e g le c te d .
H ith e r to  th e  im p u rity  s i t e  R has been  f i x e d  and now an a verage  ov er  
th e  p o s s ib le  im p urity  s i t e s  w i l l  be ta k e n . I t  i s  w orth  m en tio n in g  th a t  in  
A b rik o so v ’s approach each  s e l f - e n e r g y  term c o n ta in in g  a f i c t i t i o u s  ferm io n  
loop  i s  averaged  s e p a r a t e ly .
The a p p l ic a t io n  o f th e  tim e dependent G reen fu n c t io n  tech n iq u e i s  re sp o n ­
s i b l e  f o r  th e  occuren ce o f  some in c o r r e c t  f a c t o r s  / l - 2 n -n /E / /  in  th e  
works o f r e f .  [6 ] and [1 6 ] .
lm  Z <3)( h
/6 0 /
where
/ 6 1 /
/ 6 2 /
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A ccord in g  t o  e q . / 4 о / ,  u s in g  th e  s e l f - e n e r g y  c o r r e c t io n ,  e q . / 60 / ,  
th e  f i r s t  c o r r e c t io n  t o  th e  r e n o r m a liz a t io n  co n sta n t. Z /E / i s
Z ( £ ) = t - »
N s z  ■ / 6 3 /
w h ere, from eq* / 2 2 /
f
2 T m ( E )
= f J R c O D / C R )  f  ~  P to)W  IJ  '  Z„.o2T „ ( R ) l  N  IE  I  J
/ 6 4 /
Only th e  p a r t o f  th e  r e n o r m a liz a t io n  c o n s ta n t  c o n ta in in g  th e  lo g a ­
r ith m ic  term c h a r a c t e r i s t i c  to  th e  Kondo e f f e c t  i s  i n t e r e s t i n g .  U sin g  e q s ,  
/ 6 3 - 6 4 /  and / 5 7 /  t h i s  p a r t ,  a s  g e n e r a liz e d  t o  f i n i t e  te m p e r a tu r e s , i s  
a p p rox im ate ly  g iv e n  by
J
A Z 0 , (E) ~-  —  p M S ( S + / ) ( — } ( d R c  ( R ) f ' ( R )  p M ‘( R )  l o g ------- — ---------
N *  \ N  J J  \ - o  J  !  E I  t c x k  T
/ 6 5 / .
Ec f cThe term log has been  r e p la c e d  by /од / £ / ^ 0<kT , w h ich  i s
a good ap p roxim ation  w ith  th e  v a lu e  ос =. 1 a s  p o in te d  out by Appelbaum [ 4 ] ,
The anomalous tu n n e lin g  cu rren t due t o  th e  en ergy  dependence o f  th e
r e n o r m a liz a t io n  c o n s ta n t i s
A I (3,( v ) -  % c f e . J ( n F (E)-n/* z / Y  E ) * / U ^ X e / 66/
I f  th e r e  are im p u r it ie s  on ly  on one s id e  o f  th e  b a r r ie r ,  th e  anoma­
lo u s  part: o f  th e  con d uctan ce f o r  la r g e  b ia s  e V > k T ,  u s in g  e q , / 5 4 / ,  becam es
A G(3) -  A Z fi)(e\ / )
/ 6 7 /
U sin g  e q , / 6 5 / ,  we g e t  th e  fo l lo w in g  r a t io
A Gn> '  N i ’iff  f  3  У  J '  f c
G0 l  Ns \ N J  l e v /
/ 68/
where th e  e f f e c t i v e  su r fa c e  d e n s ity  o f im p u r it ie s ,  , i s  g iv e n  by
C i r t rl o (Ri ^ f cW dR
/  ^ 5 /
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T his i s  th e  a c tu a l  d e n s ity  o f  im p u r it ie s  i f  th e  im p u r it ie s  a re  on 
th e  su r fa c e  o f  th e  b a r r ie r  or in  th e  m e ta l,
N
The tem p eratu re dependence o f th e  anomaly a t  zero  b ia s  can be
w hich shows a lo g a r ith m ic  dependence on th e  te m p era tu re . T h is r e s u l t  
co rresp o n d in g  to  a con d uctan ce maximum f o r  fe r r o m a g n e tic  and r e s i s t i v i t y  
maximum f o r  a n t ife r r o m a g n e t ic  c o u p lin g . T h is  d e r iv a t io n  s u f f e r s  from th e  
w eakness th a t  th e  e x p r e s s io n  o f  th e  r e n o r m a liz a t io n  c o n s ta n t ,  e q , /Ч о / ,  
and th e  im aginary s e l f - e n e r g y ,  e q , / 5 6 / ,  have been  expanded in t o  a power 
s e r ie s *  T hese ap p rox im ation s are c o r r e c t  on ly  f o r  h ig h  e n e r g ie s  or la r g e  
b ia s  о
9« C h a r a c te r is t ic s  in  n o n p er tu rb a tiv e  tr ea tm e n t
In th e  l a s t  s e c t io n  we o b ta in e d  r e s u l t s  c o n ta in in g  lo g a r ith m ic  
term s, which are n ot sm a ll f o r  e n e r g ie s  n ea r  th e  Fermi energy and th u s  
showing th e  need  o f n o n p er tu rb a tiv e  tr e a tm e n t , 4 as has been  p o in te d  out 
by th e  au th ors [1 6 ]•
In t h i s  s e c t io n  th e  c u r r e n t -v o lta g e  c h a r a c t e r i s t i c s  a re  d is c u s s e d  
u sin g  d i f f e r e n t  e x p r e s s io n s  f o r  th e  e le c t r o n  l i f e - t i m e .  Our aim i s  t o  f in d  
th e  c o n n ec tio n  betw een  th e  l i f e - t i m e  and th e  c h a r a c t e r i s t i c s .
a * A brikosov ty p e  form ula
The l i f e - t i m e  co rresp o n d in g  t o  th e  reso n a n ce  s c a t t e r in g  can be 
d e sc r ib e d  by A b r ik o so v ’s form ula  e q . / 5 / ,  w h ich  can be w r it t e n  in  a more 
p r a c t ic a l  form as
where th e  c h a r a c t e r is t ic  en ergy  Eq/R /  i s  d e f in e d  s im i la r ly  t o  eg'. / 5 5 /
o b ta in ed  i f  a new v a r ia b le  o f  in t e g r a t io n ,  x= , i s  in tro d u c ed  in  th e
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A ccord in g  to  e q s . / 3 4 /  and / 2 2 /  th e  im agin ary  p a r t o f  th e  s e l f - e n e r g y  
o ccu r in g  in  th e  r e n o r m a liz a t io n  f a c t o r ,  eq . / 4 о / , i s
S ( S  + ! ') (d  R c<k) f J ( R ) 7------
4 J k 4 - °  [ toqJL*.
1
( R )
\ IE I + kT
/ 7 3 /
C o n sid er in g  im p u r it ie s  o n ly  in s id e  o f  th e  m eta l we g e t  P °J(R')=?0 
from  eq . / 6 1 /  and E0/R /= E 0 from e q s . / 3 3 /  and / 7 2 / .  The co rresp o n d in g  
e x p r e s s io n  f o r  th e r e n o r m a liz a t io n  f a c t o r  i s
Z(E) =
Л- S ( S  + f )  
4
Ni
", h m l c c T f ] -t XT'
- 1.
/74/
where i s  th e  s u r fa c e  d e n s ity  o f  im p u r it ie s .  By in tr o d u c in g  th e  
fo l lo w in g  n o ta t io n s
к T
l ------  )
e  V
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Z 4 /V,
eq . / 7 4 /  goes over to  th e  somewhat s im p le r  form
foq^Ccut + E ) +
L(E) - < /
/73/
/ 7 6 /(o<  ^ *• £  ) + 7CZ i-oi‘
Z/ Е /  i s  p lo t t e d  f o r  th e  c a s e s  o f  ferro m a g n e tic  and a n tife r r o m a g n e t ic  
c o u p lin g  on F ig s .  7 / a - b / ,  r e s p e c t iv e ly .  L e t 'u s  d is c u s s  f i r s t  th e  f e r r o ­
m agn etic  c a s e .
1 , F errom agn etic  c o u p lin g : J > 0 .  From th e  d e f i n i t i o n  o f  th e  p a ra -
m eter Eo , eq . / 5 5 / » fo l lo w s  th a t  Eq »  Ec , b e c a u s e ----- On th e
o th e r  hand IEI< Ec th e r e fo r e  £ «  1 and tec 1 . A ccord ing  to  eq . / 7 6 /  Z /E / 
i s  a m o n o to n ica lly  d e c r e a s in g  fu n c t io n  o f  th e  en erg y . For t=o Z /E / assum es 
i t s  maximal v a lu e  , M axZ /E /=l, a t  £ -  о and i t s  m inim al on e, 
a *
M inZ /E /=l -  j jz Ec ^ 7 » a t th e  c u t - o f f  en er g y , Ec . We can
e s t im a te  M in Z /E /^ su b st itu t in g  re a so n a b le  v a lu e s  f o r  th e  p a ra m eters,
, 2 nam ely к =2, in  th e  c a se  o f  a monoatomic im p u r ity  la y e r  a = 5 - lo  and
(^loq > 25-I0 0. Thus we get MinZ/E/>0,9 or at least MinZ/E/> 0,75» The 
energy dependence of the renormalization factor is very smooth and the 
relative amplitude of the effect is small.
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Two ty p ic a l  con d uctan ce cu rv es  co rresp o n d in g  to  im p u r it ie s  on one 
and b oth  s id e s  o f  th e  b a r r ie r  are shown on F ig .  8 /а - Ъ / .  The dynam ical 
conductance i s  p lo t t e d  a g a in s t  th e  lo g a r ith m  o f  th e  v o l ta g e  in  F ig .  9 
a n i th e  zero  b ia s  con d uctan ce a g a in s t  the tem p eratu re in  F ig .  l o .  I t  can  
bf seen  th a t  th e  conductance d oes n o t show an e x a c t  lo g a r ith m ic  b eh a v io u r  
as a fu n c t io n  o f  b ia s  and ten f^ era tu re , though i t  can  be approxim ated  
by sim p le  lo g a r ith m ic  fu n c t io n s  in  r e s t r i c t e d  i n t e r v a l s ,  f o r  th e  re n o r m a li­
z a t io n  f a c t o r ,  eq . / 7 6 / ,  i s  c o n s tr u c te d  from lo g a r ith m ic  f u n c t io n s .
In  th e  fo l lo w in g  th e  p o s s i b i l i t y  o f  f i t t i n g  th e  n o n -p e r tu r b a tiv e  
r e s u l t s ,  eq . / 7 6 / ,  by th e  p e r tu r b a t iv e  o n e s , e q s .  / 6 8 /  and / 7 о / ,  i s  
d is c u s s e d . F ir s t  we determ in e th e  in t e r v a l s  o f  th e  v a r ia b le s  in  w hich  th e  
r e s u l t s  o f  th ir d  ord er p e r tu r b a t io n  th eo r y  are v a l i d .
As i t  has been  m entioned b e fo r e  th e  c o n d it io n  th a t  th e  im agin ary  
p art o f  the s e l f - e n e r g y  as w e ll  as th e  r e n o r m a liz a t io n  f a c t o r  Z /E / can be 
expanded in t o  a s e r i e s  in  powers o f  th e  c o u p lin g  c o n s ta n t  i s
2\J\ 0M (R ) Er
-------- ------------ In ----1 «  /
/V IE I /7 7 /
The energy i n t e r v a l ,  in  which t h i s  c o n d it io n  i s  f u l f i l l e d ,  depends on th e  
v a lu e  o f  th e co u p lin g  c o n s ta n t .  I f  th e  e f f e c t i v e  co u p lin g  c o n s ta n t ы
i s  la r g e ,  eq . ^  0 ,1  t h i s  c o n d it io n  i s  so  s tr o n g  th a t  no en ergy  r e g io n  o f
p h y s ic a l  i n t e r e s t  i s  in c lu d e d .
On th e o th e r  hand a form al f i t  m ight be d e r iv e d  w hich  i s  v a l id  fo r  
a r a th e r  wide energy  and tem p eratu re i n t e r v a l .  L et us in tr o d u c e  an o th e r  
c h a r a c t e r is t ic  -energy param eter Ec ly in g  somewhere in  th e  m id dle o f  
th e a c t u a l ly  in v e s t ig a t e d  en ergy  i n t e r v a l .  Eq e .^^ . s a t i s f i e s  th e  f o l lo w in g  
in e q u a l i ty  Ec . The t y p ic a l  lo g a r ith m ic  term  in  eq . / 7 6 /  can  be
w r it te n  in  th e  fo l lo w in g  form
I £ I +<x k  T
Iog ( £ -h o^ t) - log ---------------- --
-  log
iE I + <x- к T
E,
where from th e c h o ic e  o f  Ec , e f f
+ lo
-c,eff




Г / 7 8 /
log
!E I kT
Ec .e f f
« Ь дЕ Ж -
E0 / 7 9 /
On the b a s is  o f  eq . / 7 9 /  eq . / 7 6 /  can  be expanded in  powers o f
Lot l£l-hcx/<T
eff and to  th e  f i r s t  o rd er  we g e t
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T h is can  be compared w ith  th e  e x p r e s s io n  o f  Z /E / g iv e n  by eq . / 68 /  
a f t e r  h av in g  i t  g e h e r a liz e d  to  f i n i t e  tem p era tu re . Namely eq . / 80/  can  be 
brought to  th e  same form as eq* / 68/  p ro v id ed  th e  p aram eters in  eq . / 68/  
are r e p la c e d  by e f f e c t i v e  ones* In  t h i s  way we g e t  th e  fo l lo w in g  e x p r e s s io n
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Though Ec e f f . i s  much s m a lle r  than  E , Jepp i s  o f  th é  same ord er
o f  m agnitude as J . The c o n c lu s io n  i s ,  th a t  th e p a ra m eterst e s p e c i a l l y  E ,c
o b ta in e d  by f i t t i n g  th e  p e r tu r b a t iv e  form u la  to  th e  ex p er im en ta l d a ta  are  
not r e a l i s t i c .
2 , A n tife rro m a g n etic  co u p lin g :  J < 0 . A ccord ing  to  eq . / 5 9 /  th e  
c h a r a c t e r i s t i c  en ergy  Eq has a v ery  sm a ll v a lu e ,  EQ«  Ec , and a ls o  can be  
sm a lle r  than  th e  tem p eratu re kT. The r e n o r m a liz a t io n  f a c t o r  Z /E / i s  
p lo t t e d  in  F ig .  7 /b .  From eq . / 7 6 /  f o l lo w s  th a t
h m  Z  I E )  - Um z ( e )  - /
E ~*Q £ f o r  T=0 / 8 5 /
The minimum o f  Z /E / occu rs a t  E=Eq and th e  m inim al v a lu e  i s
Mm Z(E)  =
Хг ta< / 8 4 /
The la r g e r  th e  c o n s ta n t  a or th e  h ig h e r  th e  im p u r ity  -c o n c e n tr a t io n ,  
th e  d eep er th e  minimum.
U sing  th e  cu rr en t fo rm u la , eq . / 5 5 / ,  and eq . / 7 6 /  f o r  th e  ren o rm a li­
z a t io n  c o n s ta n t th e  dynam ical r e s i s t i v i t y  has b een  c a lc u la t e d  by n um erica l 
in t e g r a t io n .  T y p ic a l c h a r a c t e r i s t i c s  are p lo t t e d  on F ig .  11 f o r  d io d e s  
w ith  im p u r it ie s  on one s id e  o f  th e  b a r r ie r .  T hese cu rv es show th a t  th e
Зо -
minimum in  th e r e s i s t i v i t y  a t  zero  b ia s  co rresp o n d in g  to  th e  maximum o f  
Z /E / a t E=0 can be ob served  o n ly  in  th o se  c a s e s  i n  w hich JkT < EQ b eca u se  
o th er w ise  th e  c h a r a c t e r is t ic s  are smoothed o u t . A c h a r a c t e r i s t i c  r e s i s t i ­
v i t y  curve i s  g iv e n  in  F ig .  12 fo r  la r g e  b ia s  on lo g a r ith m ic  s c a l e .  W hile 
th e  occuren ce o f  a r e s i s t i v i t y  maximum which may have q u ite  a la r g e  v a lu e  
i s  a common fe a tu r e  o f  th e cu rv es  shown on F ig s .  11 and 1 2 , th e  o ccu rren ce  
o f th e  l o c a l  minimum depends on th e  param eter v a lu e s .
The r e s i s t i v i t y  maximum i s  a con seq u en ce o f  th e  d e p r e s s io n  o f  th e  
d e n s ity  o f  e le c t r o n s  around th e  Fermi en erg y . I f  th e  d e p r e s s io n  i s  la r g e  
th e  change in  th e  energy  spectrum  o f  th e  e le c t r o n s  can be ex p ec ted  to  
cau se an e s s e n t i a l  m o d if ic a t io n  o f  th e  s c a t t e r in g  am p litu d e to o ,  T h ere fo re  
a s e l f c o n s i s t e n t  s o lu t io n  would be n e c e s sa r y  w hich  i s ,  how ever, n o t f e a s ib ­
l e  due to  th e  f a c t  th a t  no a n a ly t i c a l  form o f  th e  s c a t t e r in g  am p litu d e  
i s  a v a i la b le  f o r  en ergy  dependent d e n s it y  o f  s t a t e s .
To i l l u s t r a t e  th e  co n seq u en ces o f  th e  s e l f c o n s i s t e n c y  we w i l l  
t r e a t  th e  problem  in  a crude a p p ro x im a tio n .
The s c a t t e r in g  am p litud e o f  an e le c t r o n  w ith  en ergy  E depends on 
th e  d e n s ity  o f  s t a t e s  and e s p e c ia l l y  on th a t  o f  th e  most p rob ab ly  e x c i t e d  
in te r m e d ia te  s t a t e s ,  whose e n e r g ie s  are c lo s e  to  th e  incom ing en ergy  E.
We w i l l  c o n s id e r  th e  ap p roxim ation  in  which th e  d e n s it y  o f  s t a t e s  in  th e  
s c a t t e r in g  am plitude a t en ergy  E i s  r e p la c e d  by th e  ren o rm a lized  d e n s it y  
o f s t a t e s  tak en  a t th e  same en er g y . T h is ap p rox im ation  i s  good i f  th e  
dependence o f  th e  r e n o r m a liz a t io n  f a c t o r  on th e  en ergy  i s  weak. The 
c h a r a c t e r is t ic  c o n sta n t Eq ap p earin g  in  e q . / 7 3 /  becom es en ergy  dependent
Eо (Z- ) = E-c g*P
N
г \ з \ р 0 k e ) / 8 5 /
as a consequence o f  th e  en ergy  dependence o f  th e  d e n s ity  o f  s t a t e s .  In  
t h i s  way from eq . / 7 4 /  we g e t
z ’(E) = /  +
S o lv in g  eq . / 8 6 /  f o r  th e en ergy  we o b ta in
/ 86/
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where eq . / 8 5 /  has been  u sed In  th e  en ergy  r e g io n  where th e  e f f e c t  o f
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th e  r e n o r m a liz a t io n  i s  la r g e  i . e .  Z /E / « 1 ,  eq . / 8 7 /  can be s im p l i f ie d  to
z ( e ) = -
/V
« ? /л Ро / 88/
The dynam ical r e s i s t i v i t y  a t  zero  tem p eratu re can be o b ta in e d  
u s in g  e q s . / 5 4 /  and / 8 8 /  as
/
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A lo g a r ith m ic  v o lta g e  dependence has been  o b ta in e d , b ut i t s  v a l i d i t y  i s  
v ery  l im it e d  due to  th e  cru d en ess  o f  th e ap p rox im ation  made h e r e .
The e f f e c t  o f  th e  s e l f c o n s i s t e n c y  i s  i l l u s t r a t e d  on F ig .  13» where 
sch em a tic  p lo t s  o f th e  r e n o r m a liz a t io n  f a c t o r  w ith  and w ith o u t ta lcing  
in t o  account s e l f c o n s i s t e n c y  are shown. By com paring th e two cu rv es  th e  
f o l lo w in g  c o n c lu s io n s  can be drawn:
1 , th e  low en ergy  r e g io n  o f  th e u n ren orm alized  cu rve /E < E Q/  
sh r in k e s  to  so  narrow a r e g io n  th a t  t h i s  p a r t o f  th e u n ren orm alized  cu rve  
p la y s  on ly  an e s s e n t i a l l y  r e s t r i c t e d  r o le  in  th e  fo rm a tio n  
o f  th e  s e l f c o n s i s t e n t  c u r v e , and a s  a co n seq u en ce ,
2 , in  th e  c a se  o f  th e  g ia n t  e f f e c t  o n ly  th e  maximum o f  th e  
r e s i s t i v i t y  can be o b served  a t  zero  b ia s  in d ep en d en tly  o f  th e  ty p e  o f  
th e s c a t t e r in g  am p litud e u se d ,
3 , th e  low  en ergy  r e g io n  o f  th e  s c a t t e r in g  am p litud e sh o u ld  be 
s tu d ie d  by exp erim en ts w ith  v e r y  s m a l l - r e la t iv e  r e s i s t i v i t y  in c r e a s e  
/ i n  which ca se  a s e l f c o n s i s t e n t  trea tm en t i s  not n e c e s s a r y / .
As to  th e  tem p eratu re dependence o f  th e  g ia n t  r e s i s t i v i t y  maximum 
a t zero  b ia s ,  on th e  b a s is  o f  therm al sm earing e f f e c t  in  an en ergy  in t e r v a l  
o f  a few  kT th e fo l lo w in g  can be e x p e c te d . The h e ig h t  o f  th e  r e s i s t i v i t y  
maximum i s  d e c r e a s in g  as th e  tem perature i s  in c r e a s in g  in  such  a way th a t  
th e  to p  o f  the maximum has an energy w id th  o f  about a few  kT, a s  i t  i s  
shown on F ig . 1 4 . M oreover th e  dependence o f  th e  r e s i s t i v i t y . on th e  
v o lta g e  a t  T=0 and on th e  tem p eratu re a t  zero  b ia s  can be ex p ec ted  to  be 
th e  same.
b . S u h l-Wong typ e fo rm u la .
A d if f e r e n c e  betw een  th e  s c a t t e r in g  am p litu d es g iv e n  by A b rik o so v , 
eq . / 5 6 /  and Suhl and Wong [2з! appears o n ly  f o r  a n t ife r r o m a g n e t ic  c o u p lin g .
D
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In  t h i s  ca se  th e  maximum o f  th e  s c a t t e r in g  am p litu d e occu rs at. e n e r g ie s  
com parable w ith  th e  tem p era tu re . T hus, as we have se e n  b e fo r e ,  the  
maximum o f th e  r e n o r m a liz a t io n  f a c t o r  a t  E=o i s  sm oothed out and o n ly  
a sim p le  r e s i s t i v i t y  maximum appears in  th e  c h a r a c t e r i s t i c s .
c .  Nagaoka typ e fo rm u la .
The d e te r m in a tio n  o f  th e  r e n o r m a liz a t io n  f a c t o r  u s in g  N agaoka’ s  
s c a t t e r in g  a m p litu d e , eq . /5 9 /»  f o l lo w s  th e  l i n e  o f  th e  p r e v io u s  
c a lc u la t io n s .  S im ila r  to  eq . / 7 3 /  i t  i s  o b ta in ed  th a t
2/
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w hich le a d s  to  a r e s i s t i v i t y  maximum a t zero  b ia s .  The 
r e la t i v e  am p litud e o f  t h i s  maximum i s
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The s e l f c o n s i s t e n t  e q u a tio n  co rresp o n d in g  to  eq* / 9 1 /  rea d s
Z - ' ( E ) ’ 1+  7
E * ( Z )
Z N s E 2 + E z JZ )
/ 9 3 /
where Eq has b een  r e p la c e d  by th e  en ergy  dependent c h a r a c t e r i s t i c  c o n s ta n t  
E0/ z/ » g iv e n  by eq . / 8 5 / . The s o lu t io n  o f  eq . / 9 3 /  in  th e  ap p ro x im a tio n  
Z/ Е / « 1 i s
E  s N  /  1
loq~ = —— Z ■+ O f  . /oq Z
E ,  2 \ J \ 9o \ Z ' / 9 4 /
which g iv e s  f o r  th e  r e s i s t i v i t y
.  2 l H f 0 e V
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We have o b ta in ed  ju s t  th e  same v o lta g e  dependence as in  th e  c a se  o f  
A b rik o so v ’ s s c a t t e r in g  a m p litu d e , eq . / 8 9 / .  T h is  r e s u l t  su p p o rts  one 
o f th e c o n c lu s io n s  o f  th e l a s t  s e c t i o n ,  nam ely th a t  th e g ia n t  r e s i s t i v i t y  
maximum i s  not s e n s i t i v e  to  th e  a c tu a l  form  o f  th e  s c a t t e r in g  am p litud e  
a t low  e n e r g ie s .
~ зз -
F in a l ly  i t  i s  worth m en tio n in g  th a t  Appelbaum, P h i l l i p s  and 
T zouras [15] u s in g  a d i f f e r e n t  m ethod, have d e r iv e d  an e x p r e s s io n  fo r  
th e  con d uctan ce in  which th e  term due to  th e  im p u r it ie s  i s  o f  th e  same 
form as th e  e x p r e s s io n  o b ta in a b le  from eq . /9 3 /«  However, th e  term  
o b ta in e d  by them in c r e a s e s  th e  con d uctan ce o f  th e  .ju n ctio n  a s  compared 
to  th e  c a se  w ith o u t im p u r it ie s ,  w h ile  in  our c a se  th e  t o t a l  con d u ctan ce  
i s  l e s s  than  th e  con d uctan ce o f  th e  pure ju n c t io n . We w i l l  d is c u s s  t h i s  
q u e s t io n  in  more d e t a i l  in  th e ’'C o n c lu s io n s” .
l o .  C h a r a c te r is t ic s  in  a m agn etic  f i e l d .
Appelbaum [ 4 ] has shown in  p e r tu r b a t io n  th eo r y  th a t  th e  e f f e c t  
o f  an e x te r n a l  m agn etic  f i e l d  i s  th e  s p l i t t i n g  o f  th e  peak a t  zero  b ia s .
The new peaks appear a t v o l ta g e s  +g/iH. A c o r r e c t  trea tm en t o f  t h i s  problem  
w ould re q u ir e  th e  know ledge o f  th e  s c a t t e r in g  am p litud e in  an e x te r n a l  
m agn etic  f i e l d .  T h is problem  has been  t r e a te d  by A b rik osov  [23] in  a 
rough ap proxim ation  w ith  th e  r e s u l t  th a t  th e  peak i s  broadened in s t e a d  
o f  s p l i t .  The o n ly  a v a i la b le  r e s u l t s  have been  d e r iv e d  in  th e  th ir d  ord er  
o f  p e r tu r b a t io n  th eo r y  and t h e i r  v a l i d i t y  i s  v er y  l im it e d  as i t  has been  
d is c u s s e d  b e fo r e .  T h is  th eo r y  g iv e s  ju s t  th e  same dependence on th e  
m agn etic  f i e l d  as i t  has been  o b ta in ed  by Appelbaum. M oreover th e  depend­
ence on the v o lta g e  i s  a l s o  th e same p rov id ed  th e a s y m e tr ic a l term s w hich  
sh o u ld  n ot occur are l e f t  from  Appelbaum*s fo rm u la .
The main f e a tu r e s  o f  th e  e f f e c t  o f  m agn etic  f i e l d  m ight be 
u n d ersto o d  in  a q u a l i t a t iv e  manner as i t  has been  p o in te d  ou t by 
Appelbaum [4 ] . The m ost im p ortan t en ergy  dependent term s o f  th e  s c a t t e r in g  
am p litud e are due to  s p i n - f l i p  s c a t t e r in g  p r o c e s s e s .  T hese p r o c e s s e s  
m ight be fr o z e n  in  by th e  m agn etic  f i e l d  i f  th e m agn etic  en ergy  i s  la r g e r  
th an  th e  e le c t r o n ic  en er g y . T h is  may reduce th e  e f f e c t  o f  th e m agn etic  
im p u r it ie s  on th e r e n o r m a liz a t io n  f a c t o r  in  th e  en ergy  range E < ^  gH 
le a d in g  to  a s p l i t t i n g  o f  th e  r e s i s t i v i t y  or con d u ctan ce peak a t  zero  
b i a s .
In  th e  ca se  o f  th e  g ia n t  e f f e c t  th e  im portance o f  th e  e le c t r o n ic
in te r m e d ia te  s t a t e s  w ith  v er y  sm a ll e n e r g ie s  i s  redu ced  as a co n seq u en ce  
o f th e  deep minimum in  th e  r e n o r m a liz a t io n  f a c t o r  Z /E / a t sm a ll e n e r g ie s  
as we have seen  in  c o n n e c t io n  w ith  th e  s e l f c o n s i s t e n t  tr e a tm e n t . On th e  
o th e r  hand th e  m agn etic  f i e l d  i s  e f f e c t i v e  a t  sm a ll e n e r g ie s  E<yu, gH and 
th e r e fo r e  th e  s m a lle r  th e  r e n o r m a liz a t io n  f a c t o r  a t  sm a ll e n e r g ie s  / o r  . 
th e  la r g e r  th e  r e s i s t i v i t y  maximum a t  zero  b i a s /  th e  weaker th e  m agn etic  
f i e l d  dependence o f  th e  c h a r a c t e r i s t i c s .
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1 1 . Comparison o f  th e  ex p er im en ta l and t h e o r e t i c a l  r e s u l t s .
In t h i s  s e c t io n  th e r e s u l t  o f  th e  ex p er im en ts  perform ed u n t i l  now 
^111 i)e d isc u sse d »  I t  w i l l  he se®.n th a t  th e  a v a i la b le  r e s u l t s  cannot 
d ec id e  betw een th e  d i f f e r e n t  s c a t t e r in g  a m p litu d es d is c u s s e d  ab ove.
A1tough the r e c e n t  measurem ents by M ezei [8 ]  show th a t  r e s i s t i v i t y  maxima 
or minima can be found on s im i la r ly  prepared  ju n c t io n s  depending on th e  
im p u rity  c o n c e n tr a t io n , f o r  th e  sake o f  c l a r i t y  th e sm a ll con d uctan ce  
maxima and th e g ia n t  r e s i s t i v i t y  maxima w i l l  be t r e a te d  s e p a r a t e ly .
a . /  Conductance maximum a t zero  b ia s .
S tu dyin g  t r a n s i t i o n  m e t a l - t r a n s i t io n  m eta l o x id e -m e ta l d io d e s  W yatt 
[1 ] , R ow ell and Shen [2 ]  have re p o r ted  a s e r ie s  o f  ex p er im en ts  in  w hich  
zero  b ia s  con d uctan ce maxima have been  o b serv ed  a t  zero  b ia s .  In  th e s e  
measurements th e  r e la t i v e  in c r e a s e  o f  th e  con d u ctan ce has b een  s m a lle r  
th en  20 % and th e h a l f  w id th  o f  th e  maximum has b een  a few  meV.
R e cen tly  M ezei [в] has o b served  s im i la r  con d uctan ce maxima on 
aluminium d io d es  c o n ta in in g  chromium im p u r it ie s  a t low  im p u r ity  c o n c e n tr a t­
io n  and found th a t  th e  maxima are s i t u a t e d  on a s l i g h t l y  asym m etric , w ide  
background curve w ith  th e  r e s i s t i v i t y  maximum around zero  b ia s .
On the b a s is  o f  Appelbaum’ s th eo ry  [ 4 ] R ow ell and S h e n  [ 2 ]  in t e r p r e ­
ted  t h e ir  r e s u l t s  as f o l lo w s .  The background cu rve i s  cau sed  by non­
m agnetic e f f e c t s  and th e  con d uctan ce maximum i s  due to  an a n t ife r r o m a g n e t ic  
co u p lin g  betw een  th e  im p u r ity  and e le c t r o n  s p in s .  Supposing  l o c a l  p r o c e s s e s  
o n ly , which in  th e ca se  o f  an exchange in t e r a c t io n  i s  r a th e r  w e l l  j u s t i f i e d ,  
in  th e  th ir d  ord er o f  p e r tu r b a t io n  th eo ry  we have g o t  a con d u ctan ce maximum 
o n ly  fo r  fe rro m a g n e tic  c o u p lin g . Furtherm ore M ezei*s m easurem ents s u g g e s t  
th a t  th e background curve i s  p a r t ly  cau sed  by th e  im p u r i t ie s .  Three p o s s ib le  
in t e r p r e ta t io n s  are m entioned h e r e ,  th e  secon d  and th ir d  ones b e in g  
su g g ested  by M ezei*s ex p er im en ts .
1 . The background curve has nq c o n n e c t io n  w ith  th e  m agn etic  moments 
o f th e  t r a n s i t i o n  m eta l atom s. The con d uctan ce maximum m ight be due to  th e  
ferro m a g n etic  c o u p lin g  betw een  th e  e le c t r o n s  and l o c a l i z e d  m agn etic  l e v e l s .  
A ccording to  th e r e s u l t s  o b ta in ed  in  S e c . 9» th e s e  maxima may have an 
am plitude o f  about 15—20 %. The shape o f  th e  con d uctan ce maximum can  be 
f i t t e d  by the r e s u l t  o f  th e  p e r tu r b a t io n  th e o r y ,e q .  / 6 8 / ,  p ro v id ed  th e  
v a lu e s  o f  the param eters are changed a cco rd in g  to  eq . / 8 2 / .  I t  i s  w orth  
m ention ing  th a t our r e s u l t s  co n cern in g  th e  v o l ta g e  and tem p eratu re depend­
ence o f  th e  conductance are th e  same as th o se  o b ta in e d  by Appelbaum [ 4 ] 
on th e b a s is  o f  a n o n - lo c a l  ty p e  m echanism , b ut th e  c o u p lin g  c o n s ta n t
-  35 -
and th e o v e r a l l  s ig n  o f  th e  e f f e c t  are d i f f e r e n t  in  th e  two c a s e s .  
P i t t in g  W yatt’ s r e s u l t s  m easured on Ta-TaO-Al ju n c t io n s  by form u las  
/ 6 8 /  and / 7 0 /  we g e t  th e  fo l lo w in g  v a lu e s  f o r  param eters
and
-- 0 , 1 0 5
z.
s (s  + f) / 9 6 /
£c, eff 9, £  meV
в • * 1.1в.íj 
йшшжйсв.
/ 9 7 /
The f i r s t  r e s u l t  depends o n ly  s l i g h t l y  on t h e •u n c e r ta in  q u a n t i t i e s  
under th e cu b ic  r o o t  and u s in g  eq . / 8 2 /  th e  f o l lo w in g  e s t im a te  o f  th e  
r e a l  c o u p lin g  c o n s ta n t  can be o b ta in ed
Jpc
N N
Эe f f  Po 2. log
0 , 1 - 0 , 0 3
/ 9 8 /
4- 5 c-effwhere th e  v a lu e  Eq = 10 -  10 kT i s  u se d . In  th e  above f i t t i n g  we were
a b le  to  avo id  what has been  a d i f f i c u l t y  in  Appelbaum’ s f i t t i n g  [6 ]  ,
namely th e  u se  o f  an u n rea so n a b ly  sm a ll c u t o f f  en ergy  o f  10 meV.
The e f f e c t  o f  an e x te r n a l  m agnetic f i e l d  on th e  tu n n e lin g  c h a r a c te ­
r i s t i c s  has been  in v e s t ig a t e d  by Shen and R ow ell [30] . The o b served  
s p l i t t i n g  o f  th e  maximum in t o  two peaks i s  in  q u a l i t a t iv e  agreem ent w ith  
th e  e x p la n a t io n  p roposed  by Appelbaum [4-1 and d e sc r ib e d  in  S e c . 1 0 . A 
q u a n t i ta t iv e  agreem ent w ith  th e  r e s u l t  o b ta in ed  in  p e r tu r b a t io n  th eo r y  
can n o t be ex p ec ted  as i t  has a lr e a d y  b e e n 'd is c u s s e d .
2 . A p a rt o f  th e  background cu rve can be u n d ersto o d  by c o n s id e r in g  
A b rik o so v ’ s s c a t t e r in g  am p litud e f o r  a n t ife r r o m a g n e t ic  c o u p lin g . For 
Eq > 3 kT th e  c a lc u la t e d  c h a r a c t e r i s t i c s  as shown on P ig .  8 .  have s im i la r  
en ergy  dependence to  th e  ex p er im en ta l r e s u l t s .  No q u a n t i ta t iv e  com parison  
i s  p o s s ib l e ,  how ever, b eca u se  th e  p a rt o f  th e background curve w hich  i s  
n ot due to  im p u r it ie s  cannot be s e p a r a te d . A 'fu r th e r  d i f f i c u l t y  a r i s e s  
from  th e  need o f  a s e l f c o n s i s t e n t  s o lu t io n  in  c e r t a in  c a s e s .
3 . In  p r in c ip le  i t  m ight be p o s s ib le  th a t  th e  superim posed  
maximum and minimum w ould be th e  e f f e c t  o f  two d i f f e r e n t  zero  b ia s  anoma­
l i e s  co rresp o n d in g  e . g .  to  two d i f f e r e n t  ty p e s  o f  im p u r it ie s ,  o r  th e  
same im p u r ity  o x id iz e d  and w ith o u t o x id iz a t io n .
* /
b . /  G iant r e s i s t i v i t y  maximum.
F i r s t  R ow ell and Shen [2]- ob served  g ia n t  r e s i s t i v i t y  maxima
-  36 -
m easuring Cr-CrO-Ag d io d e s , where th e  r e la t i v e  in c r e a s e  o f  th e  r e s i s t i v i t y  
has been about 5 0 . R e cen tly  Wyatt and L y th a ll  [91 have s tu d ie d  A l-A 10-A g  
d io d es c o n ta in in g  tita n iu m  and copper io n s ,  and M ezei [8 ] A1-A10-A1 d io d e s  
c o n ta in in g  Cr im p u r it ie s  and in  b o th  c a s e s  g ia n t  r e s i s t i v i t y  maxima have  
been observed  w ith  a r e la t i v e  in c r e a s e  o f  r e s i s t i v i t y  o f  2 5 -2 0 0 . In  
m agnetic f i e l d  ho s p l i t t i n g  has been  o b serv e d . In  M ezei*s exp erim en t th e  
amount o f  th e chronium has been  c o n tr o l le d  and th e  th ic k n e s s  o f  th e  
chromium la y e r  was l e s s  than  te n  atom ic d ia m e te r s . M ezei has found a 
q u a l i t a t iv e  c o r r e la t io n  betw een  th e  am p litud e o f  th e  g ia n t  r e s i s t i v i t y  
maximum and i t s  sh a r p n e ss , nam ely th a t  th e  maximum becom es sh a rp er  and 
th e  am plitude h ig h e r  as th e  c o n c e n tr a t io n  i s  in c r e a s e d .
Now we s h a l l  r e s t r i c t  o u r s e lv e s  to  th e  d is c u s s io n  o f  th e  r e s u l t s
o f  th e  exp erim en ts in  which th e  p aram agnetic im p u r ity  atoms were a t one
s id e  th e  b a r r ie r .  Some in fo r m a tio n  can be o b ta in e d  f o r  th e  p o s s ib le  maximal
v a lu e  o f  th e  r e s i s t i v i t y  peak a t zero  b ia s  from th e e q s . / 8 4 /  and / 92/
assum ing A b rik o so v ’ s  and N agaoka’ s  s c a t t e r in g  a m p litu d es , r e s p .  For th e
sake o f  s im p l ic i t y  we d is c u s s  o n ly  th e  T=0 c a s e .  F i r s t  o f  . a l l  an e s t im a t io n
o f th e e f f e c t i v e  th ic k n e s s  o f  th e  im p u r ity  la y e r  i s  n eed ed . U sin g  th e  v a lu eо
E=20 meV, th e  coh eren ce le n g th  c a lc u la t e d  from eq . / 2 1 /  i s   ^ = 80 A.
T h erefo re  th e  im p u r it ie s  d is t r ib u t e d  w ith in  a th ic k n e s s  1 0 -2 0  atom ic
2d iam eters are in s id e  th e  co h eren ce  le n g th .  The param eter a in tro d u c e^  by 
eq . / 7 5 /  may be e s t im a te d  by ta k in g  S=2 and z=5 w ith  th e  r e s u l t  a^=5-**r^-.
Tn th e ca se  o f  A b rik o so v ’ s s c a t t e r in g  am p litu d e th e  v a lu e  o f  th e  maximum 
accord in g  to  eq . / 8 4 /  i s
Max R(v ) ч 5 A4
R ( v  к*  N,  / 9 9 /
2w hich w ith  к =2 i s  o f  th e  same ord er o f  m agnitude as th e ob served  r e la t i v e  
r e s i s t i v i t y  in c r e a s e .
In  th e  ca se  o f  N agaoka’ s s c a t t e r in g  am p litud e t h e  e s t im a te d  maximum 
i s  s m a lle r , nam ely, u s in g  eq . / 9 2 /  i t  i s
Thus a p o s s ib le  d e c is io n  betw een  d i f f e r e n t  s c a t t e r in g  a m p litu d es m ight 
be made on the b a s is  o f  th e  am p litu d es o f  th e  maximum, f o r  w h ich , how ever, 
very  w e ll  c o n tr o lle d  im p u r ity  la y e r s  would be n e e d e t .
U n fo r tu n a te ly  th e  lo g a r ith m ic  v o l ta g e  d ep en d en ce, which has b een  
observed  in  some range o f  th e a p p lie d  b ia s  i s  a cco rd in g  to  th e  e q s . / 8 9 /  
and / 9 5 /  q u ite  in d ep en d en t o f  th e  u sed  s c a t t e r in g  a m p litu d e s .
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1 2 . C o n c lu sio n s
In  t h i s  paper we have d ev e lo p ed  a th eo ry  o f  zero  b ia s  a n om alies  
due to  param agnetic im p u r i t ie s .  F i r s t  th e l o c a l  d e n s ity  o f  s t a t e s  
appearing  in  th e  e x p r e s s io n  o f  th e tu n n e lin g  cu rren t has been  e x p re ssed  
in  terras o f  the l i f e - t i m e  o f  th e co n d u c tio n  e le c t r o n s .  I t  has b een  
shown, th a t  th e  e f f e c t  o f  th e  im p u r it ie s  i s  to  d im in ish  th e  lo c a l  
d e n s ity  o f  s t a t e s .  M oreover as th e  Kondo s c a t t e r in g  i s  v er y  s e n s i t i v e  
to  th e  enei'gy o f  th e  s c a t t e r e d  e le c t r o n s ,  th e  l o c a l  d e n s it y  o f  s t a t e s  
w i l l  be energy dependent and t h i s  c a u se s  th e  anomaly in  th e  c u r r e n t -  
v o lta g e  c h a r a c t e r is t ic s  o f  d io d e s  c o n ta in in g  param agnetic im p u r it ie s .
On th e  b a s is  o f  th e g e n e r a l th eo r y  we have shown which ty p e s  o f  
c h a r a c t e r is t ic s  can be ex p ec ted  assum ing d i f f e r e n t  s c a t t e r in g  am p litu d es  
f o r  th e e le c t r o n -  param agnetic im p u r ity  s c a t t e r in g  / e . g .  th e  re so n a n t  
s t a t e  or quasi-bound  s t a t e  s o l u t i o n s / .  Now we want to  compare th e s e  
r e s u l t s  w ith  th o se  o f  o th e r  t h e o r ie s .
As i t  has been  d u scu ssed  in  th e  ’’I n tr o d u c t io n ” zero  b ia s  
an om alies can be cau sed  by th e  e x c i t a t io n  o f  q u a s ip a r t ic l e s  or by th e  
s c a t t e r in g  o f  co n d u c tio n  e le c t r o n s  on m agn etic  im p u r it ie s .  The form er  
c a se  cannot be t r e a te d  in  th e  framework o f  th e  p r e se n t th e o r y  th u s  we 
w i l l  r e s t r i c t  o u r s e lv e s  to  th e  d is c u s s io n  o f  th e  l a t t e r  on e. Appelbaum, 
P h i l l i p s  and T zouras [ 1 7 ]  have used  th e  tu n n e lin g  H am ilton ian  method 
in  c a lc u la t in g  th e  tu n n e lin g  cu rr en t and th e  co n d u cta n ce . They have  
in tro d u c ed  two new, anom alous tu n n e lin g  H am ilton ian  term s /H 0 and H,2 X
in  t h e i r  n o ta t io n /  w hich  are due to  im p u r ity  a s s i s t e d  nonm agnetic  
tu n n e lin g  and tu n n e lin g  w ith  s p in  f l i p ,  r e s p e c t i v e l y .  The l a t t e r  term  
i s  due to  the n o n lo c a l n a tu re  o f  th e  exhange in t e r a c t io n  w h ile  th e  
form er one i s  p rese n t in  a l o c a l  th eo r y  a s  w e l l .  They have found th e  
two term s lea d  to  d i f f e r e n t  co n seq u en ces in  th e c u r r e n t -v o lta g e  
c h a r a c t e r i s t i c s , th u s e . g .  in  th e  l o c a l  ca se  th e  con d uctan ce maximum 
appears fo r  fe rro m a g n e tic  c o u p lin g , w h ile  in  th e  c a se  o f  n o n lo c a l  
e f f e c t  f o r  a n tife r r o m a g n e t ic  c o u p lin g . M oreover th e  n o n lo c a l term  can  
o n ly  le a d  to  a r e l a t i v e l y  sm a ll in c r e a s e  or d ec r e a se  o f  th e  con d uctan ce  
and th u s i s  in c a p a lb e  o f  e x p la in in g  th e  g ia n t  r e s i s t i v i t y  maxima.
Camparing t h e i r  r e s u l t s  w ith  o u r s , th er e  are th r e e  e s s e n t i a l  
d if f e r e n c e s .  The f i r s t  i s  due to  th e  f a c t  th a t  th ey  have s ta r t e d  from  
a n o n lo c a l in t e r a c t io n  w h ile  we have u sed  a l o c a l  s -d  exchange in t e r ­
a c t io n .  As i t  has b een  shown t h i s  th eo r y  can e x p la in  a t  l e a s t  
q u a l i t a t i v e ly  a l l  th e  ex p er im en ta l r e s u l t s  / e . g .  th e  g ia n t  r e s i s t i v i t y  
m axim a/. As to  th e  c a s e s  in  w hich  th e r e  i s  o n ly  a sm a ll change o f  the  
co n d u cta n ce , exp erim en ts would be n e c e s sa r y  to  d e c id e  w h ether n o n lo c a l  
e f f e c t s  g iv e  -im portant c o n tr ib u t io n  or n o t .
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The o th er  two d i f f e r e n c e s  are co n n ected  w ith  th e  u se  o f  th e  
tu n n e lin g  H am ilton ian  m ethod. The tu n n e lin g  cu rr en t c o n tr ib u t io n  coming 
from th e  im p u r ity  a s s i s t e d  tu n n e lin g  /E^ and Hy' in c r e a s e s  th e cu rr en t  
o f th e  pure ju n c t io n . In  th e  p r e se n t  th eo r y  th e  l o c a l  d e n s it y  o f  s t a t e s  
d e c r e a se s  as compared w ith  th e  u nperturbed  d e n s it y  o f  s t a t e s  and t h i s  
le a d s  to  a d ecr ea se  o f  th e  tu n n e lin g  c u r r e n t . The o th e r  problem  co n n ected  
w ith  th e  tu n n e lin g  H am ilton ian  method i s  th a t  th e  c o u p lin g  c o n s ta n ts  
T. T . TT -are undeterm ined p h en om en o log ica l p aram eters and th u s th e  
m agnitudes o f  th e  c o n tr ib u t io n s  com ing from th e  d i f f e r e n t  p a r ts  o f  th e  
H am ilton ian  cannot be compared w h ile  in  th e Green fu n c t io n  approach  
such problem d oes n ot a r i s e .  Appelbaum e t  a l . ’ s r e s u l t  can e x p la in  th e  
observed  la r g e  in c r e a s e  o f  th e  r e s i s t i v i t y  o n ly  in  a v e r y  s p e c ia l  and 
unprobable ca se  when T i s  much b ig g e r  th an  T.
The advantage o f  th e  p r e s e n t  th eo ry  l i e s  in  th e  d ir e c t  r e la t io n s h ip  
betw een th e  l i f e - t i m e  o f  th e  e le c t r o n s  s c a t t e r e d  on th e  p aram agn etic  
im p u r it ie s  and th e  d iod e c h a r a c t e r i s t i c s .  I t  seems to  u s th a t  as th e  
problem o f  Kondo s c a t t e r in g  has not been  s o lv e d  y e t  th e  measurement o f  
c h a r a c t e r is t ic s  can prove to  be a v er y  s u i t a b le  t o o l  f o r  in v e s t ig a t in g  
t h i s  problem e x p e r im e n ta lly . M easurements a t  low  enough im p u r ity  c o n ce n tra ­
t io n s  and a t  v e r y  low  tem p era tu res co u ld  g iv e  v a lu a b le  in fo r m a tio n  about 
th e im p u r ity -c o n d u c tio n  e le c t r o n  bound s t a t e ,  i f  i t  e x i s t s  a t  a l l .  The 
o th er  problem  w orth in v e s t ig a t in g  e x p e r im e n ta lly  i s  th e r o le  p la y e d  by  
th e  im p u r it ie s  a t  d i f f e r e n t  p o s i t i o n s .  Thus th e  in v e s t i g a t i o n  o f  d io d e s  
w ith  evap orated  im p u r ity  la y e r s  o f  d i f f e r e n t  th ic k n e s s e s  can be u s e f u l  
to  d e c id e , w hether th e  im p u r it ie s  o u ts id e  thö co h eren ce  le n g th  g iv e  
o o n tr itm tio n  to  th e tu n n e lin g  cu rren t or n o t .
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Appendix 1 ,
The e x p l i c i t  form o f  th e  wave fu n c t io n s  e . g .  o f  th e  r ig h t  hand 
s id e  problem  i s  g iv e n  h e r e .  For th e  sake o f  s im p l i c i t y  we c o n s id e r  th e  




The e ig e n fu n c t io n s  o f  th e  S ch rö d in g er  eq u a tio n  are g iv e n  by
Кi
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where th e  n o ta t io n s  g iv e n  by e q s . / 1 1 /  and / 1 2 /Ь /  are u se d .
/А 1 , 2 /
The product o f  two wave fu n c t io n s  s e c u r in g  in  th e m a tr ix  e lem en t 
/ 1 9 /  u s in g  /А 1 ,2 /  f o r  x > 0  i s
4  > w x ^4 V-.  )* // ) v- ’
k'f + X,2 II k f  + к, г
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1 / А 1 ,3 /
Supposing a homogeneous im p u r ity  d i s t r ib u t io n  in  a r e g io n  o f  the  
m eta l a t th e  b a r r ie r -w ith  d is ta n c e  from th e b a r r ie r  n o t la r g e r  th an  d , 
in  th e  m atrix  elem en t g iv e n  by eq . / 1 9 /  th e  fo l lo w in g  in t e g r a l  o ccu rs
fcos(kj - k\)x+ l<1 kj cos(kL - k[) x - 
0 , ,К£ I Kj^ * ' \ 1
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where th e in e q u a l i t y  ( k1 * kd) d  »  /
For
fo l lo w in g  one
k± kL
i s  made u se  o f .  
th e  m a tr ix  e lem en t /А 1 ,4 /  s i m p l i f i e s  to  th e
г  тс/
* /  * П
a ; ' 2 1 t kL kj
* l
/ML , 5 /
The in te g r a n d  in  eq . /А 1 ,4 /  i s  g iv e n  by eq . / 2 о /  as a fu n c t io n  o f/
th e  d if f e r e n c e  o f  th e  wave numbers k1 and k± .
4 о -
Appendix I I .
The cu rren t form u la  / 4 /  d e r iv e d  by one o f  th e  a u th o rs [ 20] in  a 
Green fu n c t io n  approach o f  tu n n e lin g  may be w r it t e n  in  m a tr ix  n o ta t io n  as
j  = 2  Um(  C — R ) e [ - £
e - о  J 2Ж  at\ \ y , y "
/ Ц х  ö , . , - . ,  ( t ) - ( r - n j
[ C, r  r >C / A l i , 1 /
where th e tu n n e lin g  m atr ix  e lem en ts  are
2 m
/ A l l ,  2 /
I n s e r t in g  th e  s p e c t r a l  r e p r e s e n ta t io n  o f  th e  Green fu n c t io n  and 
fo l lo w in g  th e s tr a ig h tfo r w a r d  c a lc u la t io n  o f  th e  o r ig in a l  paper [2 0 ] th e  
fo l lo w in g  i s  o b ta in ed
1 -- ЬЗГе íd E ^
J  v ; v ;  c , r
P > *  v *  ( B ) ( n F ( £ )  - nF ( E + e V ) )
r.t ' /  AI 1 , 3/
The tu n n e lin g  m a tr ix  e lem en t T depends v er y  w eakly on quantum 
numbers v and ^ ’ , th e r e fo r e  i t  may be w r it t e n  as
T
/
7-* c f-  ~
x,x '(р 7 я . >
where th e  form / 1 1 /  o f  th e  wave fu n c t io n  X i s  u se d .
/ A l l , 4 /
The f i n a l  r e s u l t  may be o b ta in ed  by u s in g  / A l l , 4 /  and th e  d e f in i t o n  
/ 29/  o f  th e averaged  s p e c t r a l  fu n c t io n
b -J i e E  / o ' f  I 7 . - 1 *  f r ( k u ; E  + e V ) .
V J "*■//
?l ( K ; £ ) { n r ( E ) - n f ( E ^ e V ) }
which i s  ju s t  th e  form u la  / 3 5 / .
/ A l l , 5 /
The averaged  d e n s ity  o f  s t a t e s  £,(*„;£■) g iv e n  by eq . / 2 9 /  can have  
a much s im p ler  form , i f  th e Green fu n c t io n s  are d ia g o n a l in  th e  in d e c e s  
v  and у ',
/ A l l , 6 /
41
and th en  we have
p C t „ ; f ) = E  ? U „ , r ; £ )
Y*
/ A l l , 7 /
The o b ta in ed  e f f e c t i v e  d e n s ity  o f  s t a t e s  i s  eq u al to  th e one d e r iv e d  by 
S c h r ie f f e r ,  S c a la p in o  and W ilk in s [27] ,  g iv e n  in  T able I ,  i f  th e  in d ex  v  
i s  th e  wave v e c to r  p er p e n d ic u la r  to  th e  b a r r ie r  s u r fa c e ,  k± .
Appendix I I I .
The e f f e c t  o f  m u lt ip le  s c a t t e r in g  on th e  l i f e - t i m e  o f th e  
e le c t r o n s .
Y osida and O k ij i [ 2 9 ] have shown th a t  u s in g  N agaoka’ s e q u a t io n s [24] 
th e  fo l lo w in g  e x p r e s s io n  can be o b ta in ed  f o r  th e  l i f e - t i m e  o f  th e  e le c t r o n s  
f o r  e n e r g ie s  h ig h e r  th an  kTQ
T
, / Л ° , п Ь . } г+
N \ E \ ]  1 N /
where
/  AI 1 1 ,1 /
/А Ш  , 2 /
A brikosov has d e r iv e d  a s im i la r  e x p r e s s io n  b ut f a i l e d  in  o b ta in in g  
th e  term s(s-fi ) in  eq . / А Ш , 1 / ,  d en oted  by ( - ^ — Y кг
in  eq . / 5 6 / .  A b rik o so v ’ s e x p r e s s io n  o f  th e  s e l f - e n e r g y  i s  d iv e r g e n t  a t  
some energy and he argued th a t  th e  im aginary  p a rt o f  th e v e r te x  fu n c t io n  
would be needed to  a v o id  t h i s  d iv e r g e n c y f I t  w i l l  be shown h ere how to  
o b ta in  t h i s  term i s  A b rik o so v ’ s approach . We do not want to  c la im  th a t  
th e  im aginary p a rt o f  th e  v e r t e x  fu n c t io n  i s  n ot im p o rta n t, o n ly  to  show 
th a t  th e d iv erg en cy  can be removed by ta k in g  in t o  a ccou n t m u lt ip le  s c a t t e r ­
in g .
When c a lc u la t in g  th e  s e l f - e n e r g y  A b rik osov  has n e g le c t e d  s c a t t e r in g  
p r o c e s se s  in  which th e  e le c t r o n s  s c a t t e r  many tim es on the same im p u r ity .
The co rresp o n d in g  s e l f - e n e r g y  i s  g iv e n  by
/ A IIX13 /
C on sid erin g  m u lt ip le  s c a t t e r in g  on th e same im p u r ity  a t y p ic a l  Green  
fu n c t io n  c o r r e c t io n  can be r e p r e se n te d  by th e fo l lo w in g  diagram
- % — 2*
г ' г  *Jrz
where th e s u b s c r ip t  i  a t  th e s e l f - e n e r g y  diagram s d e n o te s  s c a t t e r in g  on 
th e  i th im p u r it ie s .  C a lc u la t in g  t h i s  typ e o f  d iagram s f i r s t  we have to  
sum up the s c a t t e r in g s  on the same im p u r ity . The momentum v a r ia b le  o f  th e  
unperturbed e le c t r o n  Green fu n c t io n s  c o n n e c t in g  s e l f - e n e r g y  c o r r e c t io n s  
corresp on d in g  to  the same im p u r ity  i s  f r e e  and a f t e r  in t e g r a t io n  t h e i r  
c o n tr ib u t io n s  i s  -iлро . T aking in t o  a ccou n t t h i s  m u lt ip le  s c a t t e r in g  
th e s e l f - e n e r g y  o b ta in ed  by A b rik o so v , g iv e n  by eq . / А Ш , 3 / ,  has to  be 
rep la ced  by the fo l lo w in g  one
Z mu,„p,e;, = Ц  * Ц- y* Z; * E(. qL q, -
1+ iW'po гL
/ AII I , 4 /
I n s e r t in g  / 1 1 1 1 ,3 /  in t o  eq . / А Ш , 4 /  we g e t  f o r  th e  l i f e t i m e  th e same 
e x p r e s s io n  as in  eq . / А Ш , 1 / .
The m u lt ip le  s c a t t e r in g  on th e  same im p u r ity  has to  be in v e s t ig a t e d  
in  more d e t a i l .
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